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\ PREFACE

The Best Estimate of Trajectory (BET) Semi nar was conceived when
the Range Commanders Council Executive Committee and the Data Reduction
and Computing Group (DR&CG) mutually agreed that since the DR&CG had
not formally addressed BET in several years, a reexmaination of this
technique would be worthwhile. The DR&CG membership felt that a
seminar where theoreticians knowledgeable in this area could compare
and contrast BET techniques in use at the various ranges would provide
the best vehicle for bringing new materi al on this subject to the
surface.

The ’
1
resulting seminar , which was held on 2 October 1978, was a

valuable exercise. All speakers agreed that although theoretical BET
problems were solved years ago, the use of any BET program still re-
quires careful analysis of the model under consideration. Thus ,
particular attention must be paid to determining if enough information
is provided to solve the problem at hand and whether the geometry used ,
combined with the instrumentation availabl e, will lead to an ill-
conditioned problem . It was noted that BET programs cannot presently
be treated as “black boxes.” However , as guidance and weapon delivery• systems become more accurate, the search for instrumentation/compu ter
systems wi th comparable accuracies that can be used as a standard
against which to test this sophisticated weaponry becomes increasingly
more challenging. Since BET techniques comprise in most cases the only
method which can be applied to solving such accuracy problems , their
importance is expected to increase appreciably in the coming years.
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N I T E  - N INTERVAL TRAJECTORY ESTIMATION

C. W. Welsh
RCA , Pa t r i ck AFB , F l o r i da

ABSTRACT

NITE is the “Best Estimate of ‘L’ra iectory ” computer program developed
at SAL~TFEC Det ftl (ETR) , Patrick AFB, Florida. NITE is a minimum variance
(weighted least squares) trajectory arKi error model coefficient estimation
program designed to process tracker ard guidance data from single or nulti-
pie powered flight and/or free fall trajectories from lai.mch to impact in
a single computer ri.ni. Tracking instrumentation may be either earth-fixed

• or referenced to moving ships, aircraft and satellites whose trajectories
may also be simultaneously estimated (differentially corrected). The pro-
gram will accept either preprocessed or raw data and will perform a variance

Geodetic Dilution of Precision ((lOP ) analysis either as a primary task or

as a byproduct of the traiectorv and error model coefficient estimation .
The variance propagation considers both estimated (modeled ) and enforced
( unnndeled ) syst~ natic error terms.

NITE has been used to provide traieccory , instrumentation error
• 

- model coeff icient , station location , ship location , aircra f t l ocation ,

drag and lift coefficients for a broad class of launch v e h i c l e s .  reentry
— vehicles and satellites such as Minutema n III . litan ill . Polaris ,

Poseidon, Trident , Thor—Delta, Atlas-Centaur, Saturn . Pershing, SRAM ,
Geos A , Ceos B , Pageos , Transit and Echo. It is prescntlv being used
to process data at SA?4FEC—Western Test Range ( W T R ) .

NITE was originally written for the IBM 7094 computer in Fr 1 ran IV
with a special IBSYS monitor. It has also been modified f I r  operation
on tn (- IBM 36~/65 using a modified OS monitor , and for operation on t~1L

CDC Cyber 74 and CDC 6500 using the NOS monitor.

3
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I .  INIRODUCI1ON

N I l E  is  ati aeron~~ t us~ c1 for the N— li Ler~’;i l Ira edory h 5 L i 1 . i L i I  I I

computer program to produce the  “Best Estimate of Tra L-ct ury (BEF) iL

the Eastern lest kang~ . ide N—Interval concept evolved i rum t n ~ d~ ~i r ;

to c~~bine seve ral missile and/or sdLcllite tra jectories into ,I1L soIu---

tion 1(1 ci 00Cc the estimation capability of surveys and/or t r ~ - ~~:
error axk-l coefficients. However, most at the BET’s prcxiiic~ d :~

~~ of tne sin~ Ie interval type . Sttt f i c h n t  flexibility h e~ be~ r U t - s i gn U
into toe program to allow the use of orL I I - - xed and/or :T&)vil g

.1 rt ial aod,- or earth fixed data , wi I i -  a ;~Hi: var 1eLy of t y e s  of neasur~ -

ments. lEe locations of all n~~viag or >~ -d) L n i Ker s :~~V be r~c.i t~-
neouslv estimated (differentiall y cer ct~ i). The input ~~asure et~~s ~~c.
be either preprocL~~sed or raw (dt:c~..cU) ( to. In the Htter case , Ui
will correct data for refraction, tr~Os1t b e , sealing n J  a compr~-
hensive error model.  NITE ~~ll also perf~rm a Variance or Ge~~k-t ic Di I I I J IOi

ot Prec i sion (Ci)Oh) analysis as a primary product or as a hy~oodut : t o~
th~ trajectory aid error n xle l coefti.irn t estimation . Ihe variance

~)O )j Xt1~~ t ion 12( 1 ~S LciL- L~- OOCn LO~ est i ma Lw  ( modeled ) and enforced t l..nL :~- -  n I 10)

svsrj ematic error terms .

s prime task na~ Ucen to p r 1v id c  tra jectory, lust ci iTleOt ion

I t -n r model coefficient , station b eat j ort . ship location, aircraft ~~~~ ben .

l i ft  ~uxJ brag coefficient est P.: I f1~ all major ETR l a J ~~-~~. N IF E  is
also U~ - 1( 1 at k.

The mathematical basis for NIJ is mindru n variance (we ight ed least
r~~ires)  which cari be fo~~d in ~ :sL sLat i sL ics textbooks.  Referenc S

- - (2)  through (8) contain related discussions of tra j ectory and e1-r lr m~~k 1
C (  i f i c i e n t  estimation theory . The program document (1 )  g ives a dcl i i  bed

i-t ot ion of the mechanics of the NITE estimation and error ana k’sis

~ cn :~i~~n~s. Only enough mathematics necessary for describing instrunen—
Lot  ion error mcdels and for interpreting results wi l l  be presented in
t h i s  paper .

4’p
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The design of NITE i s  the resul t of many interacting f~~rces. Pr in~irv
among these forces has been the experience ga ined by EIR personnel in

processing and ana lyzing data fra n thousands of missi le  l aunches and
satellite passes over the past 18 years and in the development of earlier
BET programs such as BETA, BETY , GLAD , TRAD aid TEEI4. Another s igni { i cant

• inf luence in the program ’s design has been the many requirements arid
suggestions from RCA Technical Analysis , PM Tech Staff , TRW Systems .
The Aerospace Corporation , NASA and from RCA arid PM consul tants. Many
similar computer programs developed by other agencies have been stixlied
for worthwhile ideas applicable to ETR requirements. The programs stixlied

incluie those developed by the PM Tech Staff, The Aerospace Corporation .
JPL , Lockheed , TRW Systems , The Mitre Corporation , and The Wolf Research

• and Development Corporation bearing the titles ERAN , ORAN , TRACE, REMP,
TRAP , ~~~ET , DPODP and MARLOCK.

NIlE was originally written for the IBM 7094 computer in Fortran I\-

using a special IBSYS monitor. It was later modified for operation on
the IBM 360/65 using a special OS monitor . It has been recentl y modified
to run on the CDC 6500 and CDC CYBER—74 using the CDC NOS monitor .

I
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11. IHL t ’IJR1 USL~ ok ~I {E N L i  1 . PRX~1’~j\M

[he orLginal pUrpoSe ol the PR El-P programs W~is t o  combi it ii 1

t he t cieia - r  U - i l  a r. ~~ t mi~ si Ic ( 1 1 1 ( 1 1  to pruv i le Inc i~~U i g  • Wi to
Oett er tra~ ect or~’ e~~t i flutes than in s I r a a si ng i e tracker. U i t  i t  a.

lois is s t i l l  th e  ~. r t : u ; . goa l , tue EEF c 1c~ -a L 10~ 1k-t I C X I I  I k I  to
C O \ t Y  IUI1V I ) t  I t t  r I tskS s ( k f l  ~~~ I O L  t o  o I~ I

A. fo csiir ~ i L& (dbLc retit t H y  I LLL L )  r i u l L i H e  p o w er - I  f1i~~dt
sub—orbi t al  and r~-or I  t~~ t r a h e t o r f t s  in a single nir ~nu i  Si~~- i P : ,

neous I y - - i t  I -,

1. ct -c t I cL - r t t s  at 1ic - ~~- Y t:~~i L~~~~i - t i d t  gui dance lf lSt ~~~~.~~- i —

Lotion error mxlels;

2. gel .del C I u C i t L i Of l S  ~~t ; t i t i t  t ix U i-dckL 10.

3. [r a ;~ c L , . - t ~~s ot sd boar • ,~~~j r b1 r~ , ilk; b a L i  lj t c  i~ - 1 1 -  ( lIcker--

drag aid o r  lift ‘~rur m~ i - I ci~~ i t  icierit s;

5. •
-
~~

- .~~~~~ 
• cnj • i i i  coeff i  ci i t t  s~

6. impact point s;

7. - nsn- , 1 -nt i on t~~asurement ) wet gii1 s,

h . 1 ;K i c ; 1 5 t t -  r t - ~p - U r  i a c i o n r n

9. r c a  ice p~-~ i t i i i - . u- i  v e - c I t i c - s - -F m a l t i p le  r -  i - • ,i~ ~~~~

- 0 - - t h  -r icn . I t t  eL -vuese- ‘ant iai. e i  ~vat VCs can be ciinput a - xte:

r~ ly SUcO 05

a. missile p 1 Leo . m l  --ow and H i - - i s t  U~-c ;iv C C I I  icienL s~

b. - n i  or ,lr - : ra l  t pi t -h , roil , F t  sure arid it -r i  a fla\ i ra I - i l

coeIiic cntst

c. at  ~~sn n e r r e -  arc s i -n o - . e L-i t r I o  density , t crtp. ~~tt ui- wind
velocity:

6
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t i .  point mass geopotential t erms ;

e . st- i t ’nd order instru-nentat ion error n~ xiel terms .

Ihi i-. capabili ty often elimi nates the need for deve l op i ng a special

ana l ysis—t ype program when a new tracker system or a d i f f e ren t  phys i c a l

pherunenon requires investigation.

B. II perform a variance (COP) analysis for the quantities being est i r~i t c n

or urinodeled, tither as a byproduct of the estimation process or as

a product of a special GDOP run, using theoretical tra jectories arid
the theoretical trackers. The latter t ype ru-is are of value in range

p l anning .

C. 1~t provide intersyst~ n data comparisons .

D. [0 jx-rlorri orbital prediction accuracy ana lysis.

E. I show the Cf t L-Ct of ignoring selected error model terms during Lht

—.t riat ion pr c1-ss I using urinodeled error analysis)

~~~. I i  app ly various constraints on or between quantities being estian t t O .

U . Ia correc t measurements for known errors such as refraction . t ransit

t ime arid erroneous calibrations.

J
7
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I I I .  Nl’FV PROGRAM CAPABI LITIES

A. Measurement Types

1. Az imuth position, velocity and acceleration .

2 .  k~1 t - v ~ t ion puci  t i n , velocity and acceleration.

3. X— Y Ia ) l rn t  position , velocity and acceleration .

-f e .  Ro uge i - - i t  ion , ve locj L~ and accelerat ion .

5. l-~at tge  sui t position , i’c~ ocicy and ;icc H eration .

0. Range d i t t c r e i o c e  posi t ion . v e l o c i t y  arid acceleration .

7. l i t er t  i i i  riuldance position and ve l ocity .

8. Bal l is t ic  cui-1er~ p Ldt e coord i nates.

9. Topocentric arid geocentric right ascension arid declination .

10. Lart o fixed cartesian coordinate position arid ve l ocity cornpnne~i L i - .

11. o t t  i t  u t i  , 1 aug 1 t ii~k ; f l Y i  hei gh t .

B. kxLi - ; 
~f Operat ion

I.  E DLI ~4~ le

Input - .bs rVaL t on i -  - ;~u Li. c’xnpared with a transformed re-FL i~C iiCt

t r a jec t ory and may be C ) I ~YL-C L C~J f t - r  most types of systematic
error t . .  Ihe cc ~rrect id output of the EDIT mode run may be used
W rectl y ut i nput to an est imation mode run .

2. - i~VJ ION tIole

A minimu n variance (we ighk d [east squares) estimate of Lh c
1. r.i~ r-c l rv aid error mode l coe f f i c i en t s  is computed from LEt
L-p t i t  observations . (I)OPs , residuals and partial derivatives
.- t r ~ byproducts of the estimat ion mode .

8 . 
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Coeff ic ients  of instrui ent ation , drag , h i t , geopotent ial . or
other error models may be estimated or may be urniode l ed . IJ i i-
modeled is a term used for the process that applies known cu-

‘ efficients (not estimated) arid propagates a given u n c e r t a in t y .

3. SIMIJLAIION Mode

Random arid systematic errors may be applied to measurements computed
from a reference tra jectory . The output of the simulation mode ruv
be used as input to es t imat ion or edit mode runs . Thus the a b i l i t y
of the program to estimate known systematic errors under various
conditions may be estimated .

4. ORBITAL PREDICTION Mode

Free—fall initial conditions are determined from data during ~arly

satellite passes. The tra jectory is then generated arid compared
with data acquired on the same satellite many passes later.

5. GDOP Mode

Only the error propagation features of the program arc utilizi-d .

Estimates of variance of the input c bservations (including a j o - U  r i

estimates of variance in survey and other error model
terms as well as in instrumentation observations ) are transformed
into estimates of variance in the parameters being estimated. The

magnitude of the GDOPs is solely a function of the assumed tra-

jec tory , the assumed instrumentation combination , assumed randcc;
observation errors arid the a priori k n s ~1 edgc of the systematic
error components. [he G I X ) l -  mexit -  ri o- t hus be Used t o  c\, 1 a l t
hypothetical inslrutu i t  ation SV S t e f l h S  ~a-r it i rig und i - nvpc I n e t i i a  -

conditions .

C. Data Handl ing

- - 1 . Data nay be on c i  ( l u  r L ap .  or eord s or bath.

2. Data t t t v  be on Oh- or s- -- t~ i l  U I  e~ Tapes will b iutoi~ t t ical lv
- ( - _o _( iI~~i i f  i c - ( ’ s i- :Ir \ .

~ 
p
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k. Dyr~ mic lag

I. l~It~Lti ni ~ I ~-Ve I , coil  I rat ion , nanorthogonal I ty drix)p

Hi. l r ack& -r surv~ V i - r r .  r t i - m is oI severa l types

(1) -I v~ -:ne i it I ii I i t  i t  L~ , lot  I ti~ie arid weight

(.2 ) Na ’.- - - r i& - i  L 0 K , ‘t ’ , / rectangular cartesian coorditut es

(3) Ir i~ 1~~l i i t I 1 ) l I  onl y with f ix ed  ri-tution (for astronomi~ - th l y

c . l 1  cut ~-d s:vstcns)

(4 ) Both t i - i i -~ i _ I t ij r i  arid r - 1 - i t  j Q

( i )  ~h v - m i - i u t  of a c~ it i-a — .1 Ic .  with related st at i ons rr~ v~
as an array

(6) Base I i n ~- azimuth , a i * t l L i u n  arid range f rom the cent mit

(7) Combinations of i tc:ns 1- - b , - i I Wi ag both eXL cilkA l o;ki

uinterrull~ sui-’v - .
- ad -ast r~ . .  t s 

*

n. iracker velocity I f  -of l moving ai rc ra f t , ship or ~~ t e l i i t c

( 1) la t i tude, longitud e aud a l t i tu d e  rat es

(2)  d c : tj i and 5~ ic id

0. Raadcrt E: rr  ~rs I c r  s c i i  - i -  i on

3. Products of terms imav be f ormed . his allows the foli.cwPi g

a L k i i t ~~- c u l  ar t  i a i s :

- The pri~t ku - t  I t  a t irni rit z error partial arid a rem it I I zatii)n  H
part j  , ~ l I te I rig e rrecti-~i on for a t iming error tha I occur s
w i t h i n  -i ( I d t i i  - - t e t u

b . I t ic  products of airs-i ‘.‘ part a I s arid Lime pol ynomial part I i i  s

~ei low -;ri i p i-~c -a i rc~ .d t movement to be expressed as

norni als in time .

c. The product of r i pal u tnt - t r I c functions at l owing mode Ii rig of
second order radar e rrors .

d .  lh i~ r~~.
~IucLs of va l ue s from the i nput tape arid txiiIt—in par t ia l s

can be used to expand instrumentation error models.

‘S’10
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4. iriL - need for estimating a zero set term in free fall can be
eliminated while still considering its effect on the soluti on

by defining a measurement as a reini tialization type . The

measurement is then defined as a difference between the current

value and the value at the first time the measurement entered
the solution. This feature was designed mainly for long arc
work , but can also be used for SRN—9 system ship location .

E. Free-Fall Long and Short Arc Capabilities

1. Up  i c c  n short arc initial conditions may be estimated (where ri
is the number of intervals: unlimited for the 7094 version of
NIlE, limited to 14 for the 360/65 version arid limited to 9 for
the CYB~~/6500 version). A long arc (a long arc is defined as
one tha t extends over more than one interval ; see F-2 below)
may be preceded by any number of short arcs or powered f l i ght
tra jectories but nust be the last arc estimated in the run.

2.  Ten different body types defined by weight, cross—sectional re—

- 
flection area, coefficients of drag, lift arid reflectivity may
be handled in one computer rtni. A drag table (mach number vs

drag coefficient, altitude vs drag coefficient or time vs drag
coefficient) may be applied to each object. Lift tables may

be entered in the same manner. Up to 300 entries are allowed
in each table in the 360/65 arid CYBER/6500 versions of NITE.

3. Any desired geopotential model may be read in on cards. the

maximum size is order 24 degree 24 for the 7094 and 360/65
version arid order 30 degree 30 for the CYBER/6500 virs ion .
Inc 7094 version has 6 bui l t—in geopotential models, the 3b0, bo
version has 21 bui l t—in geopotential models and Inc CYBER/6500
version has S bu i l t—in  geopotential models.

A l l  models may be t runcated by the program user. Up to 15 term s

be est imated or modified through the station constants. die
built-in models are updated as improved models become ava i l ab le .

a
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p t i  1 )  01 t lit - Cc -~i ~i i  t ~- - ~~ - IC l i t  c d  w i t h  I re c- ~il 1 1 1  i ig , l i l t  ,

Cros s-  sect i uria l t t m ~-it , g 11 1 11  - t I ut i t !  Ci i - t i  icient s , etc .  ) may be
esi irruted or have t h e i r  a pr iori  5-at i -nices pm- ~iag - tt ~-d m b  ( l i t
GDC1~S on oiic- co.nput er n~ii i .

3 . the L owe ! I t~k- t t i ~. tL  , u sing a (1105 1 - l ickson with :Iut_ urn - t t i  c st i - j )

SI/i Si I eeL ion , is Usc d cat - irbi La i i t i t egra t ion . The integra L jilt I

i s  u i ght ti order.

6. The b u i l t — I t t  t L m o~ ptx n c  mode l is the Patrick rulerc-nui tx-I s

30 len., U.S. Standard (l%1) i-kxI~-l between 30 km arid 120 ~~ t ,

and a P1 fied Ja cec i la  ~-)b4 (dv i iart t c i  model above 120 kin.
AIm olpilere models lay aL so be i -ttJ in through talc s t at  ion con-
stant s ci tner a:; card — by—card stoip I us (standciru wentner  d~-ck)

or as pol-viioc:i ia i s . ~~i rid speed i tO  wind direction [)r i I. 1 i c - s IV

also hi - entered .

1. Lxtraterrestrial  potential ( l un a r , solar and p l aneLary -a cu
solar radiation pressure may be app l ied to all obI~ i-L~~.

8. Init ial  conditions ( ini t ia l  ousi Li  on and ve l oc i Lv \ I e c t c;r )  used
as input may be of 10 different  types.

9. A se l f— star t  capabil i ty  allows c u t  t ial coudit icos to be eompcit - -o

from two position vectors.

10. Six types of orbital elements are output options .

11. Discontinutties in position and velocity (velocity kicks) ma~
be entered through thi- error model coefficients.

U. Trajectories may be constrained to pass tnrough known impact

points or to impact at specified times.

F. Number of Parameters and ieasuremenls K lowed

1. By building up the normal equation coefficients one at a time and
by ria~~ir ig use of the fac t tha t element i , j of the normal equation
coefficient matrix is iiero if parameter i is never in the solution

— iL the same t ime or during the same arc as parameter ~j, the only
limit to t r i e  number 01 measurements instrumentation error model
terms . tra jectory coord inates or free - fa l l  initial conditions
which may be e s t ima ted  during a computer run is the number that
can be defined in the ii intervals.

- 
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3. Data from one NITE run may be used as input to other NI TE runs .

4. Data may be eliminated from solutions through start-stop time

control by elevation angle cutoffs , or through a missing data

indicator (al l  bits for the input data tape word).

5. Data may be generated from either the input or output tra ject ories.

1). Error Model Terms

1. Any terms whose partial derivatives can be computed externally
and placed on the NITE input tape. Inertial guidance terms ,
many of which require numerical integration ,have been handled
in this manner. Complex atmospheric models , thrust models arid
second-order instrumentation error models may also be handled

in this way.

2. The following terms are built into the NITE partial derivative
subroutine:

a. Zero sets for all the instrumentat i ctl s

b. Reinitialization of measurements at specified times. This
allows compensation for shifts in the input measurements in

addition to the original bias.

C. Velocity measurement biases

U. Acceleration measurement biases

e. Rate biases caused by an error in the local frequency referu nc~

f .  Polynomials in time for trajectories arid a l l  input measurement s

g. Scale factor (to compensate for errors in wave length . speed

of light or sound , focal length, etc.) j
h. Refraction correction of the range, range sum , range dii fereni-~~.

elevation and ballist ic camera plate coordinates

I. Timing biases

j .  ~rransit time corrections

13
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2 .  In ~-nler t i c  make c i t  i c i  cot U5~ t i  the sp c lr s i  f t i t Um ~ c l  tri~ .

model norma l equat i on cud I i  c i e t i l  a t  rix , t ic . ProPram l) I i~t k -  - t

cc ) l tl t 1_ I t c r  run i n L o  i l l  i - m c i :- dur ing  which spe c I I i t - t i  c f l c . ) i  axle - I
terms do not occur simultaneous v in the solution w i t h  t i t
terms . ih i ~ a l lows the l i t - c.  r s io r i . by parti t ioning . ul a mat rix
of an order l imited onl y by the number of in te rva ls .  lhc - - 

-

numbe r of error mode l ter m s sti t ch can be handled dur ing ~iu

interva l is 100. If m sj s - -~ i f l c a l  terrics ( suc h as survey c i c u c

po ten t i a l)  arc iii t h e  solution dur ing more than one intuam :1.
Pu— rn addit coa l teimis ta ic. be c-st i m - it c-d in each of the i r i t c . r v c~ l 1.

Pie maxinum number c Oti s whien san be c-stir~aLe d d t c n i  t c  a
comput er run broken i n t o  n tn t  ~r’~- caL s would then be m m  Ii
Thus , if each term were in the soL tiot during nur c - than nc-

interval , the linii t for the - riputer run would be 140 t (-nns .

3. t hree , six or nine (pus~ tion , position and velocity . ~ 0Si £ 1 .~

arid velocity , and ~t- :c c-lci -at I ~s t )  tra jectory paramm rs m a -  be
estimated t i l  each t i . c u p l i n t

~~~. F-’ort v osition . 40 ~c-locitv and 40 am-ceieration type

measurements - eu; be used at. c acti time . and in each iritc.-r-L i

Thus, if t here were m itix --s pc -v interval , n interval s and 4U
postt ion . 41) v~locjtV and! -1 - - ac celeration measurc~I k- n t s
at c-nun Lime , t i-n - t -  -t a l  numbe r ~-i measurements for Lni  run
woul d be llLixnxm .

C. Otn c . - r  Features

1. The weigh ting  of measurements m ay  be performed in severci ’ L a o s :

a . Pc. ent s r ay lx input from t ape

b .  t-Jei gnts may be input by st ation constants

c . Weights n~ Pc c- ncpuLc -d by the program as functions of r r r
mxlel terms

d.  Any combination of a- . b. arid c. may be used

14
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2. A full a priori covariance matrix for the first ten instrumentation
error models may be input.

3. Long running 7094 computer runs may be interrup ted arid restarted
at a later time . This is accomplished by saving all i nformation
accu-rulated up to the t ime of interruption . The 360/65 version
has been adapted to run from a CRT termina l , where data are
displayed on the CRT during the run . The CYBER/6500 version

can also be run from a termi nal .
4. LX~al tracking points may be assumed for range sun and range

difference type measurements.

5. Tracki~~ points may be swi tched at specified times . This is
sometimes necessary when different antennas are used after

staging events.

6. Attitixle information necessary in computing tracking point cor-
rections may either be derived from velocity vec tors or input
as pitch , roll arid yaw from tape. Attittide rate data used in
correcting velocity data may also be input .

7. Errors in parameter estimates due to unit errors in urmodeled
error coefficients may be computed as an option.

8. Improved estimates of instrumentation measurement weights may
be computed f rom residuals as an option .

9. Both convergence and divergence tolerances are tested in order
to prevent unnecessary calcula tions .

to . Partials of residuals with respect to unmodeled errors rmav be
output .

11. Residua l analysis output inc l ixles means , standard deviations
and ranges of residuals.

12. Reentry da ta may be output: altitixje , mach number, atmospheric
density , c o e f f i c i e n t s  of drag and l i f t , l i f t  vector angle .
b a l l i s t i c  coefficient , drag and lift accelerations, and reent ry

angle.

15
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13. Ship pitch , roll and head ing arid their velocities may be i nput

to correct shipboard or airborne position arid veloc i ty measure-

ments.

14. Ships or a trc ra f t  may be constrained to follow either great

c ircI e or rhumb l ine (constant heading).

15. Plots of the residuals may be -c.a put on pr in ter .

16
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IV. INPUT REQJIREjy 1F~TS

The input requirement can be explained by following the structure of the
station constants , which are segmented into groups .

A. Group 1 — General constant s cctmion to all intervals

These are constants for decision logic such as the number of intervals;
outer iteration divergence tolerance ; position only, position and
velocity , or position and velocity arid acceleration ; mode of run (GDOP ,
EDIT , SIMULATION or ESTIMATION) ; output in feet or meters , right
handed or left handed; maxinuii number of words to read from the input
tape ; outer iteration convergence tolerance ; number of outer iterations;
moving origin differencing; frequency of printed output ; frequency of
input ; number of inner iterations ; and EDIT tolerances .

B. Group 2 - Master Coordinate System

This defines the location of the output tra jectory , its orientation
and spheroid .

C. Group 3A - Independent and kljust able At~ciliary Origins

Up to 10 surveys can be defined in this group by geodetic arid
astronomic coordinates .

D. Group 3B - Survey Covariance Matrices

Survey covariance matrices may be defined for the surveys in Group 3A.

E. Group 4A - General Free-Fall Constants

This group defines constants (logical and data) for the operation of
the free-fall constraints.

F. Group 4B — Estimation of Free-Fall Parameters

These are the constants to define up to IS free—fall parameters to
be estimated , their a priori value arid their a priori standard deviation.

( 
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C. Group 5A — Adjustable System Parameters

Similar to 4B , up to 100 ad justable system parameters are defined ,
arid their a priori values arid standard deviations are given. Any
systematic parameters to be used for weights are defined , as are
those parameters that will not be estimated, but whose uncertainties
will be propagated .

H. Group SB — Covariance of Parameters

The covariances of up to 10 par-u :i Le i- - defined in Group 5A ~sav be
input .

I . Group 6A — kiiri ep enden t . ~u~~~~1oo t~~~j e Auxi1ia~~ Origins

Up to 20 gecdc~~L -: arid o s L a c num c.: ~-ci gins may be defined for ail types
of :-~ysc~c~1s including inertial ~vstems. Aspect rmgle~ relat ive to
particular surveys may be called .

J. Group 6B — Dependent. Nonad j ustah~ - .~ Auxiliary Origins

Up to 20 origins ra.’ be defined that are related to Group 3A or
Group 6A origins by a fixed ca~ esian coordinate relationship.

K. Group 6C — Camera Orientation

Up to 20 ba l l i s t ic :  camera ori entations may be def ined .

L. ~r-)up 6D — Movi ng Origins

U p to 3 moving n-i gi~ a~ may be Jef inod . Each may be related to origins
in Groups ~~~~~~ 6A or ~J. Moving ori gins may be read in from tape or
í~eae ra L ed from initial pc-- Lt ion arid rate data. Attitude (pitch . roll
arid yaw) data of ship motion may be read in.

M. Orcup 7 — Start arid Stop Times

j -L
~~~ group control s the time spans of the solution .

18
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N. Group 8 — Refraction Tables

Up to 10 refraction index Cables may be input . A ray tracing technique
is used to apply tropospheric arid ionospheric refraction corrections.

0. Group 9 - Measurement Definitions

Up to 40 measurements (each having position, position and velocity,
position , velocity arid acceleration) of the types mentioned in
Section III A may be defined arid base line tine delays may be
def ined .

P. Group 10 - Measurement Model

Measurement error models of any combination of those listed in
Section III D may be defined. As many as 12 terms may be defined
for each of the 40 measurements provided the total number of
estimable terms is less than 100.

Q. Group 11 - Additional Error

Estimates of additional rarxiczn error may be defined.

R. Group 12 - Measurement Tape Words

The locations on the input tape or input cards of the 40 measurements
and their random errors defined in Group 9 are defined in this group .

- 

- S. Gräup 13 — System Parameter Estimates Lor this Interval

System parameter estimates and their a priori estimates of error
with identification numbers less than 101 may be estimated or
propagated . Those with identification numbers larger than 100
are not estimated , but the estimates of error may be propagated.

T. Group 14 - System Control

Control of measurement entry into the solution is available via
time spans and/or mininun elevation cutoff . Scaling of input
measurements is also available.

19 

__ _*_ __-~~
_
~~- --_  4



TT~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _  

U. Group 15 - Tracking Points

Up to 10 tracking point v L - L L ur  pairs may be defined.

V. Group 16 — Initial Approximations

Up to 5 sets of initial approximations may be defined as word posit ions

of the input XYZ or AER (position , position and velocity or posit ic ~n

arid velocity arid acceleration ) or right ascension arid decl ina t ino .
Or , any or all of the 5 sets may be single points input on cards.

Group 17 — I racki ng Point OrJ L f l t U L  fj ~

Up L-  ~U sets of mislile iLt~~~LJL information may be inpu t L be
used in correcting data for L i - i c ~~~ - points .

X. Group 18A — Fr co— ~a] 1 Constants the Current Interval

Julian day number , (~ ff of T—0 , free fall start arid stop t imes .  i n i ti a l
cond i t ion  data and integration criteria are input .

Y. ( roup ISJ — Solar F1i~~ and Geonk-~gnL t i c  Index

fables are entered .

ZI. Group 18C — Drag — Lif t  Information

Tables - t  Jrug arid l i f t  (up to 300 entries each) may be L- Oí ~ r~-o , a Hng
with cross—sectiona l area , we-i it and reference t ime for drag — iu ~ lift

error model polynomials .  The tables may be functions of time , a l t i -
tude or mach ni in~h~~~.

Z2. Group I 8D — .&— ~ t í  no — Atimosni~ :e Da ta

The built—in at:~ i—p n~-re pr(~f i i e  (density arid sonic speed as
of al t i tude t r  the i ’aL r ev. standard from 0 to 30 km. and U.S.
Standard 1962 frut: i 30 to 700 km) may be called , or any p r o f i l e  of
sp~a-(1 ot sound , density , wi nd speed arid wind veloc i ty may be entered.
Ihese may be entered as sets polvm xfi ia1 ~ in a l t i tude  or as t ab i  i -i- .

20
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Z3. Group 18E - Gravity Model

Built-in geopotentials may be called or any geopotential model may
be read in on cards. Size limits are order 24 degree 24 for the 70%
version arid the 360/65 version, arid order 30 degree 30 for the CYBF~(/
6500 version. The models may be unnormalized , APL normalized or
Kaula normalized . The models may be truncated at specific missile or
trajectory altitixies.

Z4. Group 19 - Plot Scales

Printer plots of residuals may be output with selectable scales .

21
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V. VAl 1J)AJ(J N 1ECHNIç*JE.S

A. Program Cert f ic a t i on

Air Forcc ,’ RCA poLicy requi res tn~it . eacii production computer prograo~
(any program tha t prucess---~ O I L O ~ur o-:terru l dissemination) must be
certi f Led. ih~- ce-rt ii ~ -at i on pr c - luri requires , among () tnL -r hi ~g —  .

tha t the ~o 1 h l i t v  uf the program r~-su1 is  be verified by S~~Th means

~- x t & - n u [  to t t k  or ) -
~~ :l SLICO as I L l  i~OkI~ >ifltS or cmpar soo ~ i in

a cer t i f i e d  program . ~l i product i -o  versions of NITE are cer t i f iL-u .

B. 1 k  - -kIm - t-o~ 1~uLer ~U1I 0 i u L t t i - o t l

Fhe va l idU v of the results :f c- aL -h NI-rE run is verified by ~-voiu ot o
Dl 1k: lel lowi ng :
1.

Obviously~ the result . are of no use unless the least squares
iteration pr~ Ct~ss has converged . The t1 outer iterat ion” is the
name given to that part of the weighted least squares process
Jut  estnr~ t - ~ - t h e  syste-rr ~it ic error model terms (Groups 4B , 5o.
13 arid the init ial conditions in 18A). The results of each F
iteration are printed , i . e . ,  the corrections applied to the
estimates of the previous iteration, arid the estimates of the - ]
current iteration. ike analyst in charge of the run reviews
the magnitude of the c -rrect i ons and finds the run acceptable
if LOL - magnitudes of LOe corrections become insignificant relative
to the ~gni tixle of the current estimate and its uncertainty.

The analyst: reviews the magnitude of the f inal systematic error
estimates r e l a t i v e  to the a priori and computed systematic error
estimate uA lcc rLLl i nties. (litliers are singled out for further

analysis to justify their values. Usually the computed uncertanties

of the estimates is significantly smaller than the a priori

uncertainties, a reflection of the strength of the solution.

22 :) .

__ _  

T
___ _ _ _ _ _ _ _ _ _ _ _  -.-----—-——-- ~~~~~~~~~~~~~~~~ —~

----‘-- --, — —
~

--— - —-



_ _ _ _  
-

When the results show small or no reductions in uncertainties,
the run requires more analysis to verify the results of these
“weak” solutions .

3. The trajectory is the result of a weighted least squares combin-
ation of the data corrected for systematic error model terms in
what is called the “Itmer” iteration loop . The values of the

computed trajectory are analyzed for reasonableness in the sense
of noise content and, if necessary , cctrparisons with other esti—
mates of the trajectory (as computed fran other single sensors ,
or other NITE runs).

- 4. The correlation matrix of the systematic error model terms is V

reviewed . Values greater than 1 are indicators of matrix inversion
errors which can happen if the matrix is ill conditioned in a weak
solution. High correlations (less than or equal to one) are
acceptable , Ixit are indicators of poor separability among
coefficients.

5. The magnitudes of the residuals are reviewed . The residual analysis
outputs means , standard deviations , maxinuns and mininunis of the
residuals. Means of the residuals significantly different than
zero require analysis for the cause :

a) A priori uncertainties of the error model terms may be small
enough to give the a priori value too mach weight, preventing

full resolution of the systematic error. Action: raise

a priori uncertainty or change che estimate of the systematic
error term .

b) The dynamic weighting may be weighting out trerded residuals.
Action : verify weighting.

c) The systematic error model may be incorrect . Action : review
trends in residuals , find justification for new model from
analysis of system performance .

23
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6. Review the Distribution of 1t i ~- Residuals

This is best accc~nplished by rc-vi ~~-w of the p lot s ul the r es idu als .
Ideall y,  the residual distribut i on should be random about z~r - .

Any deviations should be justified by ana l ysis of the weight iso
(high random error ~-o~ t:~aLes r~e-utce low weights indicate -.~~t~~ - k d

system performance , low e l e v a t  I ~n tracki ng bei ng cunta rn i  i1 e~~

refraction errors , nu l t i—p a th . c l u tt e r , e t c . ) , arid a review of
the modL l ing

.t

24
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VI. A PRIORI INFORMATION

A. Estimates of the uncertainty of error model coeff icients are derived
primarily by the Technical Analysis group . Historical statistical
histories are maintained of the results of all BET and satellite
solutions . The error model coefficients aid their uncertainties

are evaluated, stitmarized aid the results are produced in a “Quarterly - -

Accuracy Report” 
- 

(QAB) . Uncertainties of any terms not presented by tIe
report are derived by the analyst in charge arid are based upon the
facts available, such as the expected magnitude of the coefficient ,
the strength of the solution , the quality of the measurement and the
information presented by NITE in the partial derivative output .

B. Random Error Estimates

Estimates of random error used in weighting are usually derived from
scaled differences between smoothed arid unsmoothed measurements. The
smoothing span of the filter is selected to ensure maxinuii smoothing
without the removal of missile motion. The scaled differences are
augmented by as nuch as 57~ of the refraction correction , to ensure 

- 

—

that range arid elevation are properly weighted to account for residual
refraction, nultipath arid ground clutter errors . The rardan error
estimates are monitored to ensure that they are within the range of
past performance of that system as indicated in the Tech Analysis QAR .
Occasionally , a system is used that cannot be smoothed. QAR estimates - -

are used if available; if not , estimates are derived from comparisons
with more accurate systems, or by analysis of NITE residuals where
the system in question is weighted out (provided, of course, that the
BEt is known to have less noise than the system in question). If

data are collected while the tracked object is in free fall , arid free—
fall constraints are used in NITE, a good estimate of random noise
can be Lou-id in the residuals.

25
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GPSBET PROGRAM DESCRIPTI ON

Robert W. Mai
US Army Yuma Provin g Ground , Yuma , Arizona

ABSTRACT

This paper describes the background for the deve~opiuent of US 
.r,r r y

Vuma Prov ing Ground (USAYPG) Best Esti ::ate of Trajectory (BET) program .

The program is called GPSBET wrich cu-ploys optima l estL ’iutior- tecr~riques

to combine measurements from several sources and arrive at a single

trajectory estimate. The estimation technique emp loyed is Ka l man

fi l tering and smoothing . The implementation of the filter and

smooth i ng equations i s descri bed i n this pa per , as well as the anci ll ar ,

processin g performed to prepare the measurements for filtering . T’~-

input to and output from GPSBET , in addition to the validatien p~’c~e :~res ,

are also described . The performance of GPSBET in terra uf accuracy arc

computer run tiac is also documented ,
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1. HISTORY

In the pre -laser era , YPG used a multistation cinetheodolite system

to obtain data for a Best Estimate of Trajecto ry . The trajectory was

obtained from an odl e solution (minimizing the sum of squares of dis-

tance residuals), fol l owed by a Davi s solution (minimizing the sum of

squares of angular residuals), followed by a second degree moving arc

smoothing routine. In 1973, YPG rece i ved a PATS ( Prec i s ion A i rcra ft

Trac king System) Laser. Upon compari son of laser derived trajectories

with cinetheodo l i te derived trajectories , it became apparent that the

laser had the potential for providi ng position data in a very automated

mode and with accuracy as good as cinetheodo lites but dependent only on

distance from the PATS rather than being compl i cated by geometry. A

software devel opment effort was initiated in the fall of 1973 to comoute

trajectory using some contination of laser and cinetheodolite data .

The software development was based on Ka l ma n filterin g of measurements.

The Kalnia n fi l ter was ideal for ease of acce p ting any contination of

range or azimuth or elevation measurements subject only to the restr iction

that they come in chronological order. Subsequent analysis of trajectory

data and measurement residuals revealed that the range measurements

from the laser were the strength of any laser/cine solution. YPG then

purchased two additional lasers . Further tests and simulations

demonstrated that cinetheodo lite data contributes little or nothing to

the accuracy of a 3—laser solution and was very expensive to acquire

and reduce and it slowed data turnaround tremendously.

In mid—1974 , the Aerospace Corpo ration, In support of the NAVSTAR

~ Positioning Sy~tem , helped YPG with the develooment of Kalman

- 1
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filter equations including the i ncorporation of Ic~S (Inertial Navigation

System) and IMU (Inertial Measurement Unit) data . INS data consists of

sensed velocities in three components and flu data consists of gimba l

angles which reflect the pitch , rofl and yaw of an aircraft . The purpose

of INS measurements was to lower the uncertain ty in veloc i ty estima tes .

The purpose of the IMU measurements was to improve lever arm corrections

by providing accurate attitude information .

2. TERMINOLOGY

YPG ’s Best Estimate of TrajecLor~ program is called GPSBET. The

estimation is accomplished usin 9 Kalr~ n filter equations and the Rauch-

Tung-Striebel recursive smoothing equat~ons. It is appropriate therefore

to define the components of the state vector which are estimated by the

Kalma n filter/smoother. The state VCCtC r~ consists of X , V . Z components

of pos’tlon , velocity and accel eration plus a bias state for each

measurement type f rom each instrument. For a 3—laser solution , the

state vector has 18 components :

1 X Position
2 V Position
3 Z Position
4 X Velocity
5 V Velocity
6 Z Velocity
7 X Acceleration
8 V Acceleration
9 Z Acceleration
10 Range bias Laser 1
11 Azimuth bias Laser 1
12 Elevation bias Laser 1
13 Range bias Laser 2
14 Azimuth bias Laser 2
15 El evation bias Laser 2
16 Range bias Laser 3
17 Azimuth bias Laser 3
18 El evation bias Laser 3

When INS/tMij measurements are used then 6 more bias states are added :

L --~~~~ 
_ _



I
19 Orien tation bias East axis

— 20 Orientation bias North axis
21 Ori entation bias Vertical axis
22 Velocity bias East axis
23 Velocity bias North axis
23 Veloc i ty bias Vertical axi s

The state vecto r estimates of position , velocity and acceleration

are in a right handed cartes ian coordinate system with origin at a

specific p oint on the ground at YPG . The bias estimates for each laser

are in a spherical coordinate system centered at the respective lasers

with zero azimuth being True North at each laser and zero elevation

being horizontal at each laser. The orienta tion biases are relative to

the gyro wander angle reference frame as are the vel oc i ty bias estimates.

3. ANCILLARY PROCESSING

The purpose of trajectory estimati on at YPG is generally to provide

a position , velocity and acceleration time history for a particular point

on a pa rticular targe t in a standard coordinate system . Therefore , a

trajectory estimation program must include modules for atmospheric cor-

rec ti ons , systema ti c error corre cti on , coord i na te convers i on , and lever

arm corrections , in addition to the noise reducti on and state vector

estimation algorithms . Also , the actua l measurements going into a BET

program are never perfect and the imperfecti ons are not time stationary

so that a considerable amount of checking for wild points and for changes

in noise distribution must be done . Sections 3.1 through 3.7 discuss

some of the special data handling and evaluation procedures that are

included in GPSBET to help ensure that the Ka l man fi l ter parame ters

adequately descri be the data being fi l tered.

3.1 ATMOSPHERIC CORRECTIONS

GPSBET correc ts all laser range and e levati on measurements for

35 

-~~~~ ~~-~~~~~~~~~-- ~~~~~~~~~~~ ---



¶ — -— —_--_----.-- _- - -_— __ _-.- -_-—-_-. - -- _---v—-- -
~
--. - ——, 

~~~~~~~~~~~~ 
- - -

atmospheric refraction . The mode l currently being used is a two param-

eter model where the parameters are computed from RAWINDSONDE data

obtained generally wi thin two hours of the time for wh i ch a trajectory

estimate is desired. The mode l assumes a constant ten~erature lapse

rate so that when a target is located in or near a low level temperature

inversion , signifi cant errors can result (where signifi cant mean s any-

thing over .5 meter).

3.2 TRACKING SYSTEM ERRORS

The laser measurements are corrected for:

Range bias - Rb
Range scale factor -

Azimuth bias -

Elevation bias - Es-.
North tilt -

East tilt - ET
Col l ima ti on - C~~

These corrections are made by computing coefficients during calibration.

Calibration Includ es collectin g at least 400 measurements fro m each

laser as each lases on ei ght targets at 450 increments around each laser.

The equations for correcting measureme nts (R ~, A~, E~) to

CR c , Ac, Ec) are :

0) Rc Rm~~ Rs *R m + k b

Ec Em +E b

C2) A~ 
= + A~ + s in~~ Isin (COL )

LCOS (E c)

C3’) E~ 
= sln~

1 
Gin (Ec) * COS (c0L]

Mislevel of eachlaser is accounted for by rotation of the predicted

state X , V . Z from the como n cartesian coordinate system to the laser

mislevel ed system (which includes earth’s curvature from the selected

orig i i to the laser sites). This is a convenient and precise method of

obtaining azimuth and elevation predictions , A~ and Ep, which are in the

36
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same reference system as the Ac and Ec computed in [2] and [3J.
Other sources of tracking system errors have been i nvestigated .

Encoder eccentricity errors are observable and although they are small ,

will be included in the BET when the calibrati on software has been

modified to compute coefficients. Lens sag is negl i gable for the

YP G lasers . Servo lag is negl i gable as long as mount acceleration is

significantly less than 80 milli radians /sec 2 (which is generally the

case for aircraft tracking). GPSBET does estimate range , azimuth and

el ev a t i on rates an d accelera t ions which can be used to model servo

response. The model appropriate for YPG ’s lasers i s:

L = K * A ,

where

L = Angular lag

K Constant dependent upon 
~~~ 

of servo system

A = Angular acceleration experienced by the moun t

3.3 EARTH ’S CURVATURE CORRECTIONS

GPSBET produces state vector estimates in a cartesian coordinate

system with origin at inpu t latitude , longitude and altitude. The

geodetic coordinates of the origin , as well as the tracking instruments ,

• are input relative to a reference ellipsoid whose parameters can be varied.

The model of the earth used Is Clarke ’s Spheroid of 1866 with the WGS

72 Datum. At each measurement time , the estimate for the state vector

at that time is corrected for ear th ’ s curvature by rotatinq the X , Y , Z

through the difference in latitude and longitude from the input origin

to tne instrument location (plus the m islevel of the instrument). The

rotat ed X , Y , Z can then be transformed to spherical coordinates (range ,
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azimu th , elevation) and compared with the measurem ents (which have been

corrected for tracking system errors as described in 3.2). The Kalnan

filter uses the difference between predictions and measurements (called

residuals) to update state vector and covariance matrix estimates and

to make edit checks.

3.4 ATTITUDE ESTIMATION AND LEVER ARM CORRECTIONS

Range instrumentation can not usu.~lly provide measurements of

the position or velocity of the partic ular point on a target for which

a reference trajectory is required . ifl the case of laser trackers, a

retrorefl~ ctor package must be installed on the target and the location

of that package cannot coincide wit r~ the -desired reference point. For

radar , the same situation exists for beacon tracking. In the case of

cinetheodolite tracking, the desired reference point is not always It

identifiable on film. When very accurate position and velocity informa-

tion is required for a particluar point on a target (such as an antenna

or the center of gintals in a gyro package), then corrections must be

made to allow for t- i e separat’on o-~ the instrumentation reference point

and the desired reference point. On aircraft , the separation may be

on the order o~ 10 ~~~~~ ~~~ .5 meter accuracy is required , then

10 meter separation of reference points r~u~ t be carefully removed. This

is done in GPSBET by contin ually updating estimates of the attitude

matrix. The attitude r -~trix is a rotation matrix to go from the aircraft

body coordina~e system to the reference cartesian coordinate system .

I t includes pitch , rol l  , ~‘ iw information about the aircraft plus earth ’ s

curva ture from the aircraft to the origin of the reference cartesian

syst~
_ _ - -
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To accomplish l ever arm cor recti ons , the followi ng vectors and

matrices must be computed or Input:

M = Rotation matrix to correct for Earth ’ s curvature from the
origin of the reference cartesian system to a cartesian system
with aircraft as origin.

= Matrix transpose of M.

PRY = Rotation matrix to correct from pitched , rolled and yawed
aircraft body coordinate system to locally horizontal
XY-plane (Z up) at the aircraft .

A • Attitude matri x to express rotation from aircraft body
coordinate system to reference cartesian system.

IXLEV1 = Vector containing distances in aircraft body coordinate system
I YLEV ) f rom desired reference point to instrumentation reference
LZLEVJ point.

lx i = Kalman filter estimates of position of desired reference point
I V I on aircraft.
LzJ
IXI’i Position of instrumentation reference point on the aircraft .
lv i i
LzIJ

To i ncorporate a measurement from a particular instrument, GPSBET does

the fol lowing for l ever arm correction :

1x I1 rx
l v i i = A * I Y

1~’J LZ

where

A = M * PRY

and

[
CDL sDLsPH

sPHIs DL cPH IcPH + sPH IcDLsP H cPHIsPH - sPH IcDLcP H -

Lc 1SD1 sPHIcPH - cPHIcOLsPH sPHIsPH + cPHIcDLcPH

39
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r cBcP -cBsPsR + sBcR -cBsPcR - sBsRlPRY ( -sBcP sBsPsR + cBcR sBs PcR - c8sR

L sP cPsR cPcR

sXXX - sin of the angle XX X

cXXX - cos of the angle ) SX ~~

DL - difference in ~~ ç tuce of aircraft and origin

PH - Latitude of origin

PHI - latitude of ~i rcraft

P - H tch of aircraft

R - roll of aircraft

B - heading of uircraft w t h  rL-spe~~~ to True Nort h

The pitch , roll and he~uin g of the aircraft are obtained from gintal

angle measurements v.nen av le. ~tr~ rw i se , velocity and acceleration

estimates are used to estimate pitch , roll and heading.

The attitude matrix , A , -~:o~~~ute~i at each measurement t i me i s an

important part of the Output of ~PS~3L T . It can be used to determine the

position , veloci~ v, acceleration of a ~c n t  on the aircraft other than

that es tima ted by the state vector .

3.5 ~~ ROk FL ECT (H ~ E N T i F I ~ A T i O ~

The NAVSTAR Global Posit ioning System projec t is currentl y the

principal user of Y~G’s laser tracking instrumentation and the GPSBET

program. For GPS testing, two retroreflector packages are mounted on some

aircraft (e.g., C-~~1 and F-4). The purpose is to eliminate blockage  of

~-etri’ ’efl ectors by the wings , fuselage , etc. This results in vir tual ly

complete coverage from three laser t rackers throughout a ll maneuvers .

~i nce ~~ retro-~ are ‘ eparated by 5—10 meters from each other , the
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GPSBET program needs an algori thm to decide which retro is being tracked

by a given laser so that the appropriate lever arm corrections might be

applied. The alogrithm being employed involves computing the look angle

from a given laser to the axis of each retroreflector package. The retro

packages used are hemispherical and have been mounted on the top , pointing

up, and the bottom , pointing down , of an aircraft. The retro whose axis

makes the smallest angle wi th the line of sight to a given laser Is the

retro i dentified as the most likely source for returning the light to the

laser and lever arm corrections are made from the reference point chosen

for the state vector to the selected retro.

The use of two retroreflector packages does solve the blockage

problem (i.e., all lasers almost always have line of sight to one retro

or the other)) but causes degradation of accuracy since the identification

is imperfect and l asers can get light returned from both retro packages

at the same time . The identification scheme is very sensitive to errors

in the estimated roll of the aircraft and this gives rise to the erroneous

identification of retro swi tches which in turn puts noise on velocity

and acceleration estimates.

3.6 EDITING AND REINIT IAL IZAT ION

The GPSBET program accomplishes editing by checking the magnitude

of measurement residuals prior to the incorporation of the measure ment

into the fi lter. The procedure includes the following steps :

1. Compute the difference between the measurement and the filte r ’s

pr~u iction for the measurement (this di fference is called the measure-

ment resi dual and is computed as u - -~ribed in 3.3 ).

2. Compute the expected variance of the residua l by adding the

4 1 
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variance in the prediction (cc ;ut~d from the covar iance matrix of the

state vector ) to tne vari anc e of the measurement noise (a priori

information required as inp ut to (i~Sb ET) .

3. Divide the residual by the uncertainty in the residual (the

square root of the variance o~~cribed in

4. If the res idua~ is more tha - N ‘:~ es the uncertainty in the

res idual (where N is an inpt~t constarL ~~ually set to 5) then the

measurement is not included , otoe rs v i~~ tr.e Ka~man filter equations ~~

execu tc’~ to coi-rect the pre~ ict~c s-tate vector and covariance matrix

estimates.

5. Ic editir; has occurred , then counters are incr~~~ntec for:

- total nun~er of edits o~ mea~ccements c-f this type

— number of consecutive edits o~ iieasurements of this type

- number of consecut ive - edits c-~ measurements from this instrument .

‘he edit counters descr~:li.U i i  5. are checked throughoLt the

fi tering of dara and ~~icr input Lrnits are exceeded , scmie action is

taken , e.g.,

— the fi lter is reinitiaHzed when at least two of the three types

of :-~easur emen~s f o m  ~~i i. s~rs ha~~ ~een edited for an ~nput number of

seconds

- the f i l ter is re in it io l i zed  -
~ i c -  at least two of the three

measurement types have been ~‘-Jited for an inpu t number of consecutive

measurement t i~~es ~c~r ~ give n laser

-‘ 

- the filter is reinitialized when a given measurement is edited

consecutively more often than an input lim i t

- - nrint in~ of edit messages is stopped ~~en an input limit is reached .
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Reinitia lizat ion is accom ol ished by converting the range , azimuth ,

elevation data to X , Y , Z in the conino n cartesian system for each of

the lasers . When three consecutive second differences are within an

input cri terion for X , V and Z of a given laser , then a second degree

f i t  is made to those five X coordina tes , five V coordinates and five Z

coordinates . The polynomial and its derivatives are evaluated at the

t ime of the first measurement In the fit. This provides X , Y , Z, X , Y ,

Z, X , Y , and Z which are used as initial state vector components for

the Kairna n filter. The covariance matrix is reinitialized to the same

values that were input at the beginning of the estimation . This scheme

for reinitializing the filter is usually used to get initial state

vector estimates at the beginning of the trajectory estimation.

An eleven— point fit is an option for initialization and reini-

tialization , but is rarely required ; since the Kalman filter initial-

f izatlon transients dampen before high ly accurate estimates are required .

In most cases~ the initial uncertainties in the state vector are input

as large nunters (e.g.) 1000 meters , 500 meter/sec , 100 rneters/sec/

sec for position , velocity , acceleration components) so that the

Kalma n filter will accept measurements even though the initializat ion

was not very good.

3.7 RESIDUALS SUMMARIES

Probably the most important output from the GPSBET program from

an analytical standpoint , (i.e., the output that provides the best

measure of filter performance , measurement qual i ty and quantity and

accuracy of a priori information ) are residuals surmia ry reports .
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These summaries are output at a rdte determined by input parameters

and can be selected to come at a part icular t ime interval or after

a certain number of measurements have been rece i ved . After a set of

measurements has been processec- for a given instrument (e.g., range ,

azimuth , elevation from laser i), the estimates for X ,Y ,Z are translated

to the appropriate instrument , corr e c~~ -. ~o- - earth’s curvature ,

corrected to the instruments misi evelec state , converted to spherical

coordinates and differenced w i th the ca 1~~ rated meas~~’ements to form

residuals. Only for tho~e ineasu ’emei t~ -~t edited are the resiuua ls

tabulated . The tabulated residu~~s are summed , their squares are

summed and t r~e number of unedited r~casurements of each type s counted.

At requested intervals the r ean of t~ e ~es i dua 1s , RMS of the resid~.als

and number of measurements used s i rce  the last report is printed

for each measurement type for each instrument. The number of measure-

ments used since the last report tel~ s how much ed iting and aata

dropouts were occurring. The ~NS of residuals is an excellent measure

of the no ise on tne measurements and is used to validate the a priori

information. Ths :~ean of residua ls should be near zero , but when it

isn t points to proa lems such as ~c~-jnecus calibrations , mi s ident i-

fication of retro s , la~~ of suffic ent filter response to process

noi se , inconsisten t measurement sources , etc .

4. KALMA N FILTER

The program GPSBET uses Kal man filter equations to derive a

traj ectory est imate at each time for which a measurement is made

avai lab le. Section 4 .1 exp la ins  the notational conventions to be
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used in 4.2 to describe the input parameters controlling the behavio r

of the Kalma n filter and in 4.3 to outline the implementation of the

Kalma n filter equations in GPSBET.

4.1 NOTATION

Cap itol letters (e.g., A,M,X) will be used to represent matrices.

Sometimes these matrices have only one column or one row, in which case

they will be referred to as vectors,but ho notational distinction will be

made. Time will be denoted by t, and tn refers to the ~th ti me in  a

sequence. At will refer to a time interval f rom some t ime tr~ to

another t im e tn where the order of the subtraction will be made clear

in the text. When a capital letter is subscripted such as X~ this

will refer to the estimate of X at t ime t~. A vector (matrix) symbol
A 

~with a carro t over it (e.g.) x~,P~) refers to a predicted value for the

vector (matrix) at time t~. In all equations the symbol * refers to

multiplication. Lower-case letters (e.g., a ,b ,n ,j) refer to scalars .

The l ower case letters i ,j,k ,l ,m ,n are reserved for integer scalars .

The scal ars ~~~~~~~~~~~~~ are reserved for the position ,

velocity , acceleration components in a particular state vector estimate.

The notation b*X refers to mult iplication of a scalar and a

matrix (in particular ) *,t * Q is the rnultinlic ation of the matrix

Q by the scalar At which is a time interval). Multip lication ,

addition and subtraction in matrix equations implies that the number

of rows and columns in each matrix allows such operations. The

notation HT refers to the transpose of the matrix H.

~~~~~~~ ~~~~~ t
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- Ka l man fi ’ ter estimate for the state vector after incorporation

of -~ i suf -enents from a give fl instrument at time t~ (the first 9

LuI-~ onents are

- Kaima n filter estimate for the - - - .-d ridnLe matrix of the state

v~ tor X~ (t ~,e diagona~ of ~n 
contains tre estimates of the varianc e

o~ the components of the state vector~

~~~~~~~~~~~~~ 
- ~insfo rmation m atr ix to e s t i - a t e  a value for X.-~+1 at tint

t~~~~~~1 
given X 1 and £tt n+] tn

- Pre~ ’c tion of X r,.~ -~i ven X~ ~- d 4t~tn~ l t n
I’
~ — ( - -f l

Q - Effect or process noke on co-~ariance matrix P per unit of timc
A 

-P~41 - Prediction of ~~ given ~~~ andL~t= tr+l tn
I’ IPn+k = Sn , n fl (P1 ~~ t * Q) Sn , n+1

- Me:- ç~~~ -r~~ ’~ taken at time t~
A t~.

- Prediction of 
~~ 

given -~

An - Trans fo~- ’r- -~ ion  matrix to go from state vector dr~~~i n  t o r- - - -u re-

men t domain
f t

~n An * X n

~O~T: in G?S~,ET , this transfo rmation is accomplished wi th t~e tr~gono-

metric/algebraic rel~ tioishins e : -~eer i cartesian coordinates

( X .  Y , Z) and sph~ r~ml coordinates (range , azimuth , elevation).

~~ transformation of state vector uncerta i nties to uncertainties
A

i n  Q~ are estimated by Hn * ~n 
* Hn where H n is described below.

- Partial derivatives of measurement to be i ncoroorated at time
-‘ tn (i.e., Q,~) with respect to the state vector:
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a

Kn - Gain vector for Ka lman filter computed for incorporating the

measurement 9,~ taken at time t~
r - Scalar denoting the measurement residual i.e.,

A
r = ~~~

_ Q
~

4.2 K.ALMA N FILTER INPUT PARAMETERS

This section will describe only those input parameters that are

require d in the Kalman fi lter implementation in GPSBET . Many other param-

eters are input to the program for controlling data fl ow , mani p ulating

input data , selecting processing options , selecting output options , etc .

These other parameters will be described in Appendix A so as not to

clutter the main body of this report.

D - An array containing the standard deviat ions of the noise on

each measurement type for each instrument. It is double dimensioned so

trot 0 (i , j) is the standard deviati on of the ~~ measurement type of the

j i -  inst r~ -ient . For example , 0 (2, 3) .000200, could mean the standani

dev ia t ion  of the azimuth measurements for the third laser is 200 rnicro radian s .
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Q - A matrix the same size as the covariance matrix P,but which

contains the increased ~~r~ar.ce expected in the state vector due to

process noise expected in 1 second.

— P0 - Initial values of t~e covariance matrix , usually set very large

so that data is accepted and only consistent data will dri ve the diagonal

of P to small values .

- Initial val~~s tsr t ; e  state vecscc which can be input or

computed from laser data as oescriu~r: in Section 3.6.

4. 3 FILTER EQUATIONS

To descr ibe the i~~ lementa tion of tre Kalman filter equations in

GPS8ET , th is section will start wi tri a s ate vector estimate X~ a-ac ar~
estimate of its covariance ma~~;x P,~ a-~ t ime tn . The equations and

intermediate s teps performed by GPS8~ —cc incorporate a measurement

taken at tv~ie t1.~ will be described. The estima tes Xn and P~ may

have been initial est- r- ,.tes (denoted \, and P0) as descri bed in Section

4.2. The measuremen t -
~~~~~~~~~ is assumed to have been corrected for atmos-

phere effects ~ -ie~ - nDe c in SecLion 3. and for tracking system errors

a~ described in Section 4.2.

Step :: ~~ ~st~i~.tes for the sto t C vectar , X~, and covariance matrix ,

~n’ ~ t time tn are projecte . ohe~u (or b c k  if measurements come in

reverse chronoloj~cal order) to obtai~ predicti ons ~~~~ ~~~ for their

value at time t~~1 :

~~‘ t n+ l - t n
* 1

q ’]  fl ’ r~-4~~ fl
~~ T

~ 
~n’ n+l ~

‘n ~~~~~~ * * S~ , n+1

- -~~~~~~~~~~ — — ~~~
- 

~~~
-
~~~
- .- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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1 0 0  t 0 0 2 0 0 0

0 1 0 0  t o o - 4 ~. o o

0 0 1 0 0  t 0 0 - .~~.0
- 

0 0 0 1 0 0  t 0 0 0  .

o o o o i o o  t o o . . . .

+1
o o o o o i o o  t o . . . .

0 0 0 0 0 0 1 0 0 0 . . . .

A
Step 2: The predicted value for the state vector , Xn+1, is transformed

A
to a predicted val ue , 9n+1, for the measurement , Qn+1. The computation

A
of 

~~÷i is accomp li shed w i t h  al gebra/trigonometry rather than matrix

mul tiplication. For exampl e, if Qn+1 is an azimuth measurement from
A

hser 1 , then the X , Y , Z components of X~+i are rotated and translated

to the local cartesian system at laser 1 (call them X’ , Y’ , Z’ ) .  Then
A
Q0~1 is computed : 

~n41 
= sin 1 ( r— 

X + b,where b is the
A

component of X~~1 that represents the filter ’s estimate of azimuth bias

for laser 1. The measureme nt bias estimates remain zero unless the

initial uncertainty in the measurement bias states is large enough and

measurements from other sources are good enough to allow the Kalman

filter gain for measurement bias to cause non-zero biases to be estimated .

Since YPG ’s laser trackers are calibrated for every mission with sur-

veye d tar gets) the GPSBET program is usually forced not to estimate laser

measurement biases by setting the initial uncertainty very small. For

INS velo city measurements on the other hand biases of 1.—2 . rneters/
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second are usually estimated. These biases result from gyro drift and

are modele d rather carefull y using the ~yro specifications and knowledge

of the dynamics experienced oy the qvro .
A A

The above procedure for computing 0n+1 from X~4.1 wil l be denoted

subsequently by

~n+1 
= An-f l *

although)as descri h~u a bove,a matrix Ar~~i does not have to be found; since

algebraic and tr~q~n-arnet ric reiatioc~ rip~ can be used instead , and tnese

relationships provide an exact transfo rn .~tion.

Step 3: The diffar~ rce between t~e measurement ~n+1 
and the prediction

I ’.

~n+i 
is computed :

I’
• r 9rr+1 — 

~n+1

The sca lar r i s calle d the residual

Step 4: The standard deviation of r , denote it by sr., is computed next.

Since r is the difference of two Quanti ties presumed to be stati stic ally

independent (reasonabl e since the neasurement at t i me tn+i has not bee n

used at all to arrive at +~
) ,  then

s~ d2 + [o (1 , j
~~

2

where

0 (i , j) - a priori e stirat e of tne standard deviation o~ meas ure-

men t ~yn~ I ~ron instrument j, a r - a  
~~~~~~~~~ 

is a type i measurement fro~
instrumen t j.

I.’
d - uncertain~~, in tnn est imate 

~~~~~~~ 
which can be computed from

the u n~~rtainty in X n+1 and ~Me partial deriva tives of measurement 9n+1

— 
wit L - 

~~~~~ to ~~~
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d2 Hn+1 * ~n+1 
* - 

-

Thus

Sr 
~~~~~~~~~~~~~~ 

* 

~n+i * + (1 , i~ij ~ ½

Step 5: An edit check is made next. If

r , ~. is inpu t)

then the remaining Kalman filter eouations are executed . If

r ~~~, is input)

then the measureme nt Q~41 is edited . The limi t on the nun~er of standard

deviations allowed (denoted by ~. above) is an input parameter (often

set to 5.). When edit ing is indicated all appropriate edit counters are

incremented , an ed it message may be printed , the following assignments

are made:
A

Xn+1 = Xn+1
A

Pm-fl =

and the Kalman filtering cycle for measurement 
~n+1 

is ended .

Step 6: If editin g does not occur , then the Kalma n filter gain vecto r ,

Kn÷i, is computed :

2 A
Kn+ i = l./S r * Nn+l * P~+I

The gain vector is the measure of how much the residual

- - r ~~~ -

shcu id iff~ct the state vector.

NOTE: if a Kalman filter were designed to incorporate the three nieas-

ur- ent s (range , azimuth , elevation) from a given laser at the same

-— time , the result would be the same as incorporating them one at a time;
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but the quotient l./s~ in the gain computation would be a 3x3 matrix

inversion.
A

St~p7 : The state vector estimate Xn*1 is now corrected optimally to

include the information receiv~u from measurement ~n÷1 :
A

V - v  “ *n+l - “n~1 -
where

6~r = Qf l f  
-

Step 8: The covariance matrix estimate :*-+i i s corrected :
A

* Hr+l * ~n+1

At this point , a surrii-~a ry of tne key equations from the above steps

-will be written for ease of r~-~~~nce. The equations assume trot a

measurement has teen rE~ce~ved at time tn+1 and that the transit ion macr~x

to goat seconds from time t~ t o t ~~ is available.

n+i  ~n’ n+l n
1’- 1~

= S~~~, n+1 * ~ n ~ d~ t * Q) * S~, n+l
A
~n+l 

= An+i
A

r = Q n÷1 ~n+1

= 

~n+l * Pn+i * + Lo (i ,

r/sr = edit ch ec K H

A
k - 1 / c ~~~~ H *~~n+1 ‘ r n +1 n +l

A
Xn .i = X~~1 - Kn.,.j * r

A A

~n+1 
= 

~n+1 
- K01.1 * Hn+1 *

5. RAUC~i-TuNG-STRIE3EL SMOOTHER

The smoothing equations use a backwards recursion involving the

filter estimates for the state vector and covariance matrix to correct

earl ier e tima tes based on ~nformatjon receive d from later measurements .
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To accomplish smoothing, the following information must be recorded

during the Ka lman fi l tering of the measurements:

- predicted state vector at time t,~

x - corrected state vector using all measurements up to time t~

- predicted covariance matrix
P . - corrected covariance matrix using all r measurements up to

t ime tn
S , + 

- transition matrix expressing process effect on Xn to go
rom 0 n+l

The smoothing equati ons correct the state vector and covariance matrix

at ti me t0 based on the difference between their projection to time

and the smoothed values at time t~.4.1. Suppose the last time for which

data was available for the Kalman filter was t,.~.1 and that all measure-

ments have been fi l tered through t ime t~~1. Let X0~1, P041 denote

smoothed estimates for the state vector and covari ance matri x at time t0~.1.

The first step In smoothing is:

x
+1 

= X fl f 1
= Pfl~~

To obtain the smoothed estimates at time to, first compute the gain

matri x 0:
T~~~~ r A 1~1G = P  * Sn n’ n+1 L n+l

where

P - fi l tered estimate of covariance matri x at time t0
- transpose of the transition matrix to project the sta te

vector from time t0 to time ~~~

I P~÷ 1J - ~nverse of the covariance matrix predicted for time ~~~L .J based on 
~n’ 

the process noise from t,.~ to t0~1 andthe t rans i t i on matr i x Sn~ n+1
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A
NOTE : GPSBET recomputes s,~. n+i and P~÷ during the smo othing pass by

record i ng ~~t = t0.~1 - t~ and the deweighting matrix Q during the

f i l ter ing pass.  This saves un the amount of inter ed iate

reading and writing since tfle off Lliagona l elements of Q are zerc
and specifying j~t is all that is required to construct Sn,n +l

(see Section 4.3). The smoothed estimate of the state vector

a t t ime tn is:
A

Xn X~ + 0 * ( X
0~~~1 

-

The smoothed ~~vac~a,c~ ~at~’~x c~ ~ime

= P0 + 0 * (
~n+i P0+1) * 0

This oackward s recursion continues to the initialization time of

th e Kalman f~l: l~r . If a reinit ia lization occurred dur ing fi1tur~ng

then the smoothing process starts over just prior to reinitial i-

zation.

During the smoothinç~ iass, ar improved attitude matrix is

computed from the sn~ot’;ed velocities ana acceleration (unless

IMU measurements were used).

Also during the smoothing pass , measurement residuals are

- :o - ~~tec and rE~coroeu on rnagnetiL tape . Measurement residua~ s

are computed by conver t in i  the -:~iotheu estimates of Cartesian

coord i nates to the measurement domain as described in 4.3. The

differences between these predictions and measurements (which are

passed to smoother with the state vector and covariance matrix

estimates) are computed.

_ _
_ _::iI

_
j ±~~~ 
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6. OUTPUT AVAILABLE

Output from GPSBET is in the forr~ of a line printer listing and an

output tape. The output tape has two files for each trajectory . The first

file contains all the program control information such as options selected ,

instrument locations, a priori information input to the Ka l rnan filte r ,

etc. The second file is a data file. The line printer listing contains

the control information in the same forn as the first file on the output

tape . The data output on the line printer is controlled by input param-

eters .

Line printer output during the Kal~ an fi l ter pass can include any or

all of the followi ng data types:

a. sta te vector estim ates;

b. one-sigma uncertainties in state vector estimates;

c. full covariance matr ix estima tes;

d. measurement residuals;

e. sumaries of measurement residuals over selected intervals ;

f. edi t messages when editing occurs;

g. ident fication of retro switches.

Data types f . and g. are printed whenever they occur. Types a. through e.

are printed at se lected time intervals and/or after filtering a particular

number of measurements. The time intervals and points between Outpu t ~~~~~~
-

se lec ted  by changing input parameters.

During the smoothing pass line printer outpu t consi sts of the state~

v’~rtor and sigma vector (1—sigma uncert i irties in state vector esti~iate )

~s computed d A r i n g the filter pass and as computed in the smoothing pass

p lu s differences in the state vector and the F-ratio of the variances.
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A complete description of the output tape from GPSBET is conta i ned

in Appendix B. A sample of the line printer output is in Appendix C.

7. VAL IDATION

The GPSBET program has undergone extensive validation to ens~re tnat

the Kalman filte r cud smoothing equations ~re implemented correctly and

that the a priori infc rca t ion  is iricorcora ted properly. The validation

was acco;~ lishe d in two stages. First ,Y?~. tested ~~d c~~~gged the p rogran~

to the extent that coor-utation of ~‘a~ -~c~ory from a single PA7S lu:er

compared favorably wi th YPG ’s prt-v o~ S --cu ction progra ms.  The next stage

of val idation was called the und-around-check . The end-arounc- checK ~~

a joint effort of The Aerospace Ccr~~rat on and ‘~PC.. The Ae rospace Cor-

pora tion was under contract to :r e  ~pcc e and Miss i le  Systems Organization (c~ .~ Q)

of the US Air Force . SAMSO’s inte rest in YPG ’s BET program stemed from

the NAVSTAR Global Positioning System (GPS) project. GPS intended to

(and does now) use GPSBET output as a reference trajectory for comparison

with the NAVSTA P solution for position ar~ ve locity .

The end-around-check included :

a . The Aerospace ~orpc r -3tion aera ted simulated trajectories

simila r to the flight paths to be flown d -~ring the GPS project. Three

laser locations were simula ted and the X ,Y ,Z coordinates of the simulated

trajectori~ s were converte d to range , 8ZI jth , elevation from each of the

three aser loca tions. Random numbe r -~enerators were used to generate

no ise which was added to the measurements . A small percentage of the

measurements were chan ged to random numbers to simulate data dropouts .
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b. The simulated laser measurements were transmitted to YPG via

magnetic tape in the same format as actual laser measurements were being

recorded at YPG .

c. YPG personnel processed the simulated laser measurements

with the GPSBET program , producing an output tape and line printe r listing.

d. The output tape from GPSBET was sent to The Aerospace

Corporation .

e. The Aerospace Corporation differenced YPG ’s output tape

wi th the true trajectory from which the measurements were generated .

f. The Aerospace Corporation analyzed the differences between

truth and the estimates made by the GPSBET program .

g. The Aerospace Corporation produced reports uf the differences ,

thei r analysis of the differences and suggestions for changes to GPSBET.

h. The above cyc le was repeated until The Aerospace Corporation ,

SAMSO and VPG were confident that GPSBET was filtering and smoothing data

as well dS Kalman fi l ter theory allows (subject to some time and money

constraints).

i. All of the above steps were repeated wi th the same trajec-

tories but using simulated inertial platform measurements in addition to

laser measurements .

The results of the end-around-checks are sur iarizecl in Tables and

2 which c~ntain the RMS of the difference between truth and GPSBET esti-

mates for two trajectories called I and II and for two types of data A

and B. Trajectory I was a gentle .5g turn ,whereas trajectory II was a

fi-iure-8 with a 4.5g turn on one end and a 3.5g turn on the other in

add it i on to ig vertical climbs and descents. Cases IA and h A  were using
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__ only simulated laser data whereas Cases lB and IIB we re using simulated

data from 3 lasers plus simulated inerti fl platform data . Table 1 sunina-

rizes how well the filter only estima tes compared with t ruth , whereas

Table 2 sumari zes tne results of filter ing and smoothing. Timing results

in Section 8.3 show how exper sive t r e  smoozning pass is.

.

1
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TABLE 1*

FILTER ONLY

RMS OF DIFFERENCES WITH TRUTH

IA 18 h A  118

UNITS

X m .07 .02 .40 .24

V m .03 .01 .30 .17

Z m .03 .01 .48 .24

X rn/sec .18 .01 1.40 .45

V rn/sec .08 .01 1.01 .33

Z rn/sec .02 .00 1.23 .28

rn/sec 2 .27 .07 3.24 1.76

m/sec~ .11 .03 2.13 1.22

rn/sec2 .02 .00 1.99 .91

* These are results of analysis by The Aerospace Corporation

and were ta~~n from DPDWG Technical Memorandums prepared by

H . Bern stein , The Ae rospace Corporation .
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TABLE -

FILTER AND SMOOTH
t i x~ ~ r r~T c r r  - 

-r.j~~ur r r [ ~~~J’~~ L .~~~iH r~U H

IA :~ J IA

UNITS

X m .02 - i i  .23

V m .01 .01 .17 .08

Z m .01 .01 .28 .~~~~~

rn/sec .01 .00 .38

V rn/sec .01 .-J1 .30 .09

Z rn/sec .O .00 .40 .09

rn/sec2 .03 .02 1.13 .64

rn/sec 2 .0? .01 .89 .50

rn/sec 2 .0~ .00 .90 .43

* These are result ~ of ana l ys i s  ~y The Aerospace Corporation

and were taken from - - -
~~~~~~~~ Tec r.ni - al Memorandums prepared by

h. Bernstei n , The Aeros pace Con 1~ — -i tion .
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8. PERFORMANCE US ING ACTUAL DATA

The performance of GPSBET using actua l data is monitored ve ry close l y

since ~~ ustomers depend on the absolute a c u r c s ey  of tr~e reference

trajectory that ~P~BET produces . YPG maint ains exte nsi yt- rnstories ~

laser dilbrat ion coefficients , moni tors n~ asur~er2~~ t noise , iI ’~~ute~5

process noise , St ud 1e~ measurement redisudls , plots inter-laser diffe r-

ences, plots single laser solutions aga inst G~SBET so lu ti o ns , etc.~ to

ensure that GPSBET output is as good as tht~ measurement s allow . In

acd t ion to the internal check s mentioned ubove , YPG invites cc r~parisons

w i t h ~n -~trurnentation and reduction procedures externa l to th~ laser

systems and YPG softwa re. Sections 8.1 a r - :  8.2 describe some examp les

of the internal and external comparisons an d anal ys i s that YPG h&s ~ione

and wi l l continue to do tn veri f y the accu racy of GPSB ET est ima tes.

P 8. 1 INTERNAL ANALYSIS

Ex t en s ive  analysis of ~P~ b t T  accuracy must be performed since range

users expect 0.5 meter accuracy in position estima tes. The most important

r~eq~ 1 rement for attaining his accu racy Is pre - and post-mission calibra-

tion of al l  lasers to update calibration hi stories and allow analysis of

potential problems . Another requirement is complete meteorological data

for a- - irate a tmospheric corrections . A priori information about measure-

-
~~ nt  noise and process noise must be veri~ 1ed . YPG’s real— time data

collection , computation and displa y fac ility prov i des a means of acquiring

the in~ur~m at ro n required for an accurate trajectory estimate .

A ’te r a real —t iii ~ rr iss i o n , the standard procedure is to generate

‘~~ 1~~ ~O ) ~ plots of the trajectory data . These plots include at least:

61
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~~,

x ‘is Y

V ~s Z

~ ,
‘
~,Z VS

RTL SOu!’ C ‘~S time

~ie q~i. r—lo o k plots a r e  - e~~~u 1l, -
~~ -iJ ~ nle wi tni n 4 hours after a 2-ri c~ r

m ission . Hu~se p 1~ ts car be used tu ~d ,uSt the a priori 1nfcrr c~ ion t o r

GPSBET .

In cariy cases , the ~vôT— r~ bti  ~te (RIE) uf the :rajectc~’~ o~ ~ r

aircraft is ~ore than adequate t~ r~~~t ~stome r accuracy r 1u re;~~rLs .

In articu lar , when a custo~er uses oni y a single iase~ fcr data ~c~ ui S! -

tion , then the RTE is almost as accurate as the GPSBET for position ano

velocity . The Kal~ ur ti l le r and smoother output is however, less nc1~y

an-i contains good accelerat ion e~ti~~te u. Figure 1 s hows an ~ vs . Y anc

V vs . plot of a segment of a he’ ico~~er trajectory for which some specia

analysis was done . A single las -r (Si te 7 laser) was forceQ to be u5e~

for the RTE (the sourc~ selection a~~orithm esed in real time was rna ruc liy

overriden) and the GPSBET ~~ run usir~ data only from Site 7 laser.

Figures 2, 3~ 4 show th x , Y , Z differences between the RTE and BET

processing when both used data from Site 7 laser only. Di fferences are

attri butable to idst ~r data dropout ), noise in the estima tes , some differ-

ences in the level of sophistication in atmospheric correction and compu-

tational errors due to roundoff and truncation.

For a 200-second segment of the trajectory shown in Fi gure 1, a

three laser BET was cornnu t~-J . The three laser BET was differenced wi th

each of the individ ual laser solutions as computed In real time . Plo ts
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of the differences appear in F i g ~Ires 5-13. Figures 5, 6, 7 are the X , V . Z

diffe rences between the Site 7 laser solution computed in real time and

the three laser BET. F ig ures 8 , 9, 10 are the X , V . Z differences between

the Site 9 laser solution computed in real time and the three laser BET .

Figure s 11 , 12 , 13 are the X , V . Z differences between the Site 12 laser

solution computed in real time and the three laser BET.

Contained on the output tape from the three laser BET run made on

the 200-second segment of trajectory referred to above were the measure-

men t residuals for the three lasers . Measurement residuals are computed

by transforming the best estimate of X , V . Z at eac h measurement time to

ran ge , azimu th , elevation from each laser and di fferencing them with the

measurements . Fi gures 14-22 contain plots of the range , az imuth , eleva-

tion residuals for Sites 7, 9, 12. Residuals plots show what the magni-

tude of the measurement noise is and nelp to identify calibration problems .

Notice that noise on the range measurements is about .5 meter and on

azimuth arid elevation is about .1 mil l iradian. The residua ls plots in

Figures 14-22 were generated to analyze a suspected accuracy problem and

provided additional verification of a Si te 12 azimuth encoder problem

which was subsequently corrected.

8.2 COMPARISON WITH OTHER INSTRUMENTATION AND PROCESSING

GPSBET trajectory estimate s have been compared with many other typc .

of processing using the laser instrum entation and other VPG instrume- rta-

tion such as cinethe odolites , PLS (Position Location System , which is an

R1’iS II System manufa ctured by General Dynamics ) and severa l radars. -~iSj .

comparisons were made wi th an airborne nav igation solution generated ~
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CIR IS . The GPS project has repeatedly demonstrated agreement wi thin

3. meters of the GPSBET solutions , in support of the GPS project, The

Aerospace Corporation processes laser and INS data i ndependently and con-

sistently demonstrates 1 sigma differences wi thin .25 meter of YPG ’S

GPSBET trajectory estimates.

The most conclusive proof of .5 mete.- for the absolute accurucy

(1 sigma) of GPSBET position estimates was derived from a B~lhsti c

Camera Comparison Test. The test was c~~ducted in January 1977. ~~~~~~~~~

funded White Sands Missile Range to set p four ballistic cameras on YPG~
Cibola Range .

Data was collected for many passes of an F-4 jet through a volune ~f

airspace providing good 9eornetry for the bal listic cameras, because of

inclement weather and other data collection problems (a disadvantage of

ballistic camera data collection), o t y  eight passes of ballistic ~~~ra

data could be reduced. P~ysica l Sciences Labora tory (PSL) c•~mput~ tra-

jectory estimates usin~ the ballistic camera data and provided their final

Output to YPG on magneti c tape . YPG processed tne data from the trree

lasers through the GPSBCT program . The GPSBET program made lever ar~n

corrections so that the soh4tion fron~ GPSBET was for the posi tion Of the

strobe light used in the ball istic camera reduction . Figures 23-26 are

X vs.? plots showing the ground track of the fi rst four trajectories

analyzed . The F-4 target aircraft was flying at a 15000 foot altitude

for all passes.

The ballistic camera solution had a 1 sigma uncertainty of about

.2 meter near the center of each pass. Near the ends , the solution de-

graded to a two-camera solution for some passes and the uncertainty

increased to more than 1.0 meter .
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Di fferences between the GPSBET solutions usin g three lasers and the

ballisti c camera solutions were about .5 meter. Table 3 contains the

rms ( root mean square ) of the differences in X , Y , Z components for each

• of the eight passes for which bal listic camera data was available.

Fi gure s 27-38 are plots of the point—by-poi nt di fferences between GPSBET

• - and bal l istic camera solutions for X , Y , 2 components in passes 1-4.

- 8.3 COMPUTER TIME

The GPSBET program is imp lemented on an IBM 7094/7044 DCS co mputer.

• Timi ngs were made using various type s of Instrume ntation . Table 4

contains the resul ts of the timings alon g wi th the approxima te uncertain-

ties estimated for the position and velocity components . The run time

column represents multiples of the length of the trajectory being esti-

mated. These times explain why the GPSBET program is not usually run

over an enti re mission but over smaller time segments determined from

quick—look plots us ing RTE data .

-4 
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TABL E 3.
I~SS OF DIFFERENCES IN X , Y Z

LASER CALIBRATIONS ADJUSTED FOR TEJIPERATURE INVERSION
(meters )

Pass 1 Pass 2 Pass 3 Pass 4 Pass 5 Pass 6 Pass 7 Pass 2
25 Jan 25 Jan 25 Jan 25 Jan _ Z5 Jan ZS J&n 25 Jan 29 )i’~ -

X .16 .23 .34 .71 1 .28 .57 .13 1 .38

V .60 .15 .65 .39 .23 .59 .71 .2~
Z .32 .14 .64 .45 .30 .B6 .41 .23

I
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I
9 . SUMMARY

USAYPG acqu i red three laser tracking instruments in 1973-1974 .

Accompany ing this acquisition was the implicit assumption that USAYPG

personnel would develop standard operating procedures , design hardware

and design and develop software to take full advantage of these new

tracking systems. Since it turned out that the lasers had much greater

capabi lities for accurate and timely data acquisition and reduction

than any previous range instrumentatio - , this implicit assumption meart

devising cal ibration procedures and trajectory estimation proceGures at

or Deyond the state-of-th -art . Frorn ~..rience came the requirement for

the GPSBET program.

As described in this paper , the GPSBET program computes optima l

(or as nearl y optima l 35 the truth of the assumptions allow ) estimates

of position , ve ucity and accelera tion utilizing range , azimuth and

elevation measurements from up t~ tnree laser trackers . Al so , GPSBET

accepts inertial platfo rm leasurements in the form of sensed ve~ocity

components and g imbal Cln gles.

The GPSBET program accepts control information from cards and date

fro-~ - II I,iret ic t a ne .  it processes measurements through Kalman filter

euiuctions foilow-2 c1 by an opt ional smoothing pass.

GPSJ4T is im :-lerner ted on an IB~ 7094/7044 Direct Couple System .

-Dr t n t  computer , the k~a1man fi lterin q ef data from three lasers takes

1 I rlI gt four tine s real time (i.e., a iS—minute segment of data takes 1

~ou~ of computer t i le) .  Filte r i ng p lus smoothing takes about nine

times rIlil t ime .

The accuracy of p o si ti -~n estimates made by GPSBET using data

f ) 4  three lasers has been demonstrated to be about .5 meter
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Appendix A

BET INPUT CONT ROL PARAMETERS

This appendix lists and describes all parameters that can be

input to the BET program from cards as of 15 April 1976.

rd rd~ C- t ( r_ i~ii~e Lescr- pt ion

~JOB - - - - nun~er of jobs to do

t~TRA J - - - - number of trajectories per job

GCØR.SO - - - - geodetic coordinates of origin of reference coordinate
system

GCØRS1 - - - - geodetic coord inates of laser 1

GCORS2 - - — - geodetic coordinates of laser 2

GCØRS3 - - - - geodetic coordinates of laser 3

RET LEY - - - - body coo rdinat es of retroref lecto r

II4ULE V - - - - body coordinates of IMU

GPSLEV - - - - body coordinates of GPS antenna

XS - - - - state vector

NI - - - - number of instruments

INSTYP - - - — type of each Instrument
1 laser
2 — c ine
3 = ran ge only
4 sensed vel ocities
5 gImbal angles

I NUNI T - - - - logical unit number to read CDT

IØBET - - - - output unit for BET output tape

IMU - - - - option to use IMU data

ISMU TII - - - - option to make smoothing pass

11EV - — - - option to make lever arm corrections

-_- • J ~— ~~~~— ---~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~
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I~ordI ,4 -~t~r ~ame

IREW - - - - option to rewind CUT after a run

IRDE$F - - - option to read to an EØF on CDT after filtering
a given section of data

IP4STRLJ - - - - Instrument to be forced as automatic Initia lization
or reinitializ ation of the BET

I rOn : — - - — array cc4 rtru lli r y rocies for output of var iou s
types of data to l i e  print er or tape

JXS b - - - - - rIa A poin ts between -~tite vector output durin~fi 1 terin~

iSIG - - - - iax po~nts bt~~re sn ,ma vector output during
filtering

IRKS - - - - ax points between printout and restart of rms a ; — ~
• mean of resi duals report during filtering

IRES — - - - max points betwe~~ printout of actual residuals i c ’
a single time from each instrument

ICØV - - - — max points between printou t of covariance matrix
(actually has s-i gmas on diagonal and correlation
coefficients in off diagonal elements)

MAXPTS - - - - maximum number of observations to filter on this
tra jector y

~FILES - - - - nnne r  of files to sk ip on the CDT prior to reading
t he da ta for th i s trajectory

IREF - - - - option on refra .t’on corrections

XLAM DA — - - - wa~elongth of lasers

HSCL - - - - sc a l e  r IC~~~ fl~ parameter used in current refraction

NIt~ U - - - - ~~~IL i I t ~~~
I of the reLelver to use sensed velocities

p rom (number refers to location on the CDT)

NGMBL - - - - numb er of the receiver to take gimbal angles from

K - - - - array ~un tain ing options for prefi ltering or skipping
0 skip
1 = constant f i t
2 linear fit
3 = quadratic fit

N - - - - number of points to use in prefi lter 

- 
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______  -

Parameter Name Descri~ tion

PUr~ u - - - - number of mu l t ip1~ s o’ residua l ~tondôrd d~vio ti on
to use w hi le editing prior to the pre— filter

RAWD T - - - - time incremen t between raw data for each instrument

FILUT - - - - time Increment desire d between measurements going
through the Kalman fi l ter

EDIT - - - - number of standard deviations of residuals to edit
on during the Kalman filtering (after pre-filtering)

I(DLMT - - - - number of edi t messages to print out during this run

SD - - - - standard deviations of noise on measurements of each
tape and from each instrument

QI - - - - standard deviation used for deweighting the covariance
matrix

P 1 - - - - initial values for square root of the diagonal of
the covariance matrix (i.e.-~ InitIal uncertainty in
state vector)

TEMP - - - - temperature in degrees Kelvin at each laser site

PRES - - — - pressure in mi llibar s at each laser site

RUNID - - - - 72 character run i dentification

TESTI - - - - 20 character test i tem Identification

IWON - - - - 12 character work order number or other Identification
of project to be charged

PR~J - - - - 12 characters , for project engineer ’s n ame

DATE - - - - 12 characters for date of test

RDATE - - - - 12 characters for date of this report

NHI
NM I
NS I
MSI - - - - start and stop time s for using measurements from
NHF - - - - var i o u s instruments in the filter
NMF
NSF
MS F

_ _ _  _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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P t (  ~‘.d1fl€ L)esL F i~~t ion

NrlI[iLT

~M I~ LT
N~ Ib [T -
M SIB ~T - - - start and stop time s for filtering on this
NIIFBLT - - - trajectory
NMFBLT
~SFB[TMSFBET
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__ Appendix B

BET OUTPUT TAPE

For each trajectory filtered , there will be a BCD file conta ining

con tro l information and a second file containing results , This

appendix includes a description of the second file. The first file for

each trajectory contains a copy of the control report , a sample of

which is in Appendix C of this paper.
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YUMA PROVING GROUND
DATA PROCESSING DEVELOPING WORKING GROUP

DPDWG REPORT NO. 2

BET OUTPUT RECORD FORMAT

18 December 1975

ABSTRACT - 
-

The agreed-upon record format in which the outpul

from the Best Estimate of the Trajectory (BET) program

will be written is presented ; the information to be

contained in the BET output is defined by this format .

Changes to this format must be documented in sub—

sequent DPDWG reports.
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l~ET O L I T I ’ V (’ REC ORI )  F ORMAT

~~~~
‘ Th e outp u t from the BI- T ( B e s t  E st in h ~te of the T r a j e c t o r y )

pr ogr ;~m w i l l  1w w r i t t e n  by t 1i~’ 113M 7 0-1 4 / 7 0 9 4  DCS in 3( -bit word s

~n ?-t  rac k ma gn ct i t~tp e. The output from each run wi l l  conbas t  of

two fijea:

File 1. The f i r s t  f i l e  will  be wri t ten in BCD , containing
afl of th e in fo r m at ion , and in identica l form, of
the intro du ctory portion (“ control report ”) of the
aEr  pr in tout .  The f i r s t  f i le  will  thus cont a in
date and time of the test , identification and location
of range sensors , and all input parameters.

File 2. The second file will contain the resu lts.  It will be
wr i t t en  in binary word s , with one recor d each
0. 2 second s , in order of increasing time, and one
ph y s i c a l  record per log ical record.

If a phy sica l  BET out put tape contains the output from several

runs , there will be two f i l e s -  -the control report  and the results f i le- -

for each run.

Table I summari zes  the record format which will be employed in

the second ( r e s u l t s )  f i l e .

R ep i- t ‘.e nt~iti o r i of Words .  A word in the result s reco rd will be written
by the 7044/7094 DCS as a resul t  of F O R T R A N  (bin ary ) write command .,
e i ther  as  an integer word or as  a floating point word.

Fixed Point (Int e~ er)Word

[ I
‘ 3u 35

The sign of the nu r n b r i s  con t ~~iue d in bit 36. A ~ 0t I  si gn i f i e s  a
positive num ber and •i 1 sig:i if~es a n e g a t i v e  numh ~~r . The
magni t u de  of the n u m ber  is in bit s 35 (most si g n i f i c a n t ) t h r o u g h 1
( l ea s t  s i g n i f i c a n t ) ,  wi th  the bina ry point posit ioned to the ri ght of
bit 1 .

F’IOa t i~~&j~~unt (~~~ne I ( I_ Prnci~~io n 1(t ’ a J ) _Word

l r a c t i o n  

1
3( 1 35 •‘b 27

s i gn ~f thn n i ~~b (-r i s  C O t i t t i n i t t  in bi t  3(’ . In b~t~ 3~ through
28 ~~~ t h e  b % F I I I r V  I - \ p n n e n t  i n c r i  ~ d b y 128 ( d e c i m a l )  - 200 (octal )

— 10000000 ( b in - ir y) .  in bi ts [7 th run~ h I i~ t h e  f r a c t i u n  ~m a n t i r s a ) .

w i t h  t h e  b i n  iry point p~ siti onrd between b i t s  28 and 27.
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i i z  * ~‘. t , r r  1)

Wo rd I g IV I  s lii , t im e . in scconds ,  of I’T ( ‘ U n i v er s a l  t i m e. - ,

o r (.M1 ). Since lao ~ I lu -no - .ot \‘urn a P x - o .  isg G r o u n d i .  Mountain Stan d ; i rd

1 sm ’ (MS1), th e  t u n e  i n  wt ; r .I  1 w i l l  bt g r e a t e r  b y 7 hr 2 5200 sec t h a n

) t . C  . ,h t u r n ( - . 
-

SI , I 1r  e (Vs’ord 2)

Word 2 i nd i ca t e s :

( 1)  W h e th e r  t he  1tET is the  r e s ult  of a f i l t e r  pass onl y, or the

resul t  of a smoother  pass.

( 2 )  Which s enso r s  c o n t r i b u t ed to the solution in the f i l te r  (no~
smoother )  p ass .  A sen sor  will be indicated a s cont r ibu t ing

if it had meaning ful data at the t ime its last measurement

set was  due  and at least  two of t h r ee  of the m e a s u r e m ent s

were accepted (not  ed i t cu  irs the f i l t e r) .

Table 11 g ives  t h e  v a r i o u s  v a l u e s  which word 2 (Source )  can take  on.

BVT State  Vector  ( W o r d s  3-2 (• ’~
— The BET , based upon m e a s u r e m e n t s  from one to three  laser

t r a c k e r s  and , on some f l ig h t s , on i n e r t i a l  measu remen t  unit , is gen-
c r a t e d by a K a l m a n  f i l t e r  w i t h  an optional  smoother. The program

deve lops e e t l m a t e s  of t h e  host  v e h i c l e  pos i t ion , velocity,  and a c c e l e r a t i o n ,
of t h e  r a n g e ,  a z i m u t h , and e l eva tion  b i a s e s  of each laser t r acker , and of
the  o r i e n t a t i o n  and v e l o c i t y  b i a ses  f r o m  the  i n e r t i a l  navi ga t ion  sys tem (INS ) .
‘l’hes*1- qu an t i t i e s  a r e  r e l c i -r e d  to as the  ‘s ta te  v ecto r, ” which will c o n t a i n
f r o m  12 to  24 e l em en t s , d ep en d i n g  upon t he  num be r of sensors employed.
The p r o g r am  a l s o  c om p u t e s  t h e  c o v a r l e n c c  m a t r i x  conta in ing  the  expec ted
e r ro r s  of the  s t a t e  v e c t o r  p ; i r a m et er s  arid the  expected cor re la t ions
among the  e r r o r s .

N o r m a l l y ,  t h u  J I ET ~v i l l  be t h e  resul t of a smoother  pass , and the
s t . , t t -  v I c t o r  (word s 3 — ~~t )  w i l t  be generated by t h e  smoother pass.  Should

- J t  i s ant ~~ s p , it *-d l b  * t  Y J - ’( i  r o . g i - t i m e ~v i l I  he expressed  in UT for  GPS
t e~~t s ng .  ~t I ould r I n~!( t i i i ~~- st i ll be (-xpr t-sse ci in MST , t he c o r r e c t i o n
will be p e r f o r T n u d  b~ ~ O i l ~~~a re .
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T A ZI L E  I t

SOURC E 1r ) E N E ’L F I C A T I O N rop 1~ETJFOI(MAT W 0R ) 2)

- SOURCE VALUE

Filter Pas s ~~noothcr Pass

GPS (Tclemcte r cd Data )  -999999 999999

No data (ext rapolated) -99999 99999

Laser I -1 1

Laser Z -2 2

L~a.er 3 ‘3 3

PLS -4 4

Lasers 1 & 2  -12  12

Lasers I & 3 — 13 13

Lasers 2 & 3 -23 23

Lasers I & 2 & 3 -123 123

IMU -1000 1000

IMU + Laser 1 -100 1 100 1

IMU + Laser 2 -1002 1002

I MU 4 Laser 3 - 3 0 0 3  1003

IMU + PLS -1004 1004

I MU + Lasers I & 2 - 1 0 1 2  1012

I MU 4 Lasers  I & 3 - 1 0 1 3  1013

I MU + Lasers 2 & 3 - 1 0 2 3  1023

IMU -I Lasers I & 2 & 3 — 1 1 2 3  1123
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i ‘.~~ V-i bt- go-i .e r~. t d  b y t h e  t i l t . -  r pa ~ s onl y, the s ta te  vec to r ,  of c ~‘cir se
w i l l  ‘ - u t -  t r on. t h . . t  pass .

li ± -ren (_e R~ s 11t .  W or d s  3 — I I c o n t a i n  the  po s it ion , ve l o c i t y ,  a rid

a t - c e ) 4 - r 4 t i Q r l  of t lu  p o i n t  f u r  whi ch the  BET is  calcul ated , If the BET is
b ased e n t i r e l y upon la ser  dat .-u ,  th e  c a l c u l a t i o n  point will be the l a se r
r i - t r o r e f l e c t o r .  If t he  BET is based upon I N S / I M U  plus laser  data or
upon IN S / 3 M  U p lus  J ’LS  data , the ca lcu1a~~un point will be the gimbal
cen t e r  of the IMU .

Coordinate System. The t r aj e c t o r y  will be referred to a c a r t es ia n
coordinate system ( “ I R C C  coordinat e system ”) which will be centered ~r
the I RCC with  the x . y ,  ~ axis  d i r e~~t~- .. in the local east , north , vertical
d i r e c t i o n s , r e s p e c t i v e ly .

Posi t ion.  Wor r j s 3 , 4 , and 5 contain x , y, and z , the coo rdinates
of the re ference  po int  ( r e t r o r e f l e c t o r  or I M U);  position coor dinates will
be expressed in m e t e r s .

Velo - i ty .  Wor ds 6 , 7 . and  8 con ta in  ~~, ~‘, and ~~ . the velocity
com ponent s of the r e f e r enc e  point , expressed in mete rs / sec .

Acce le ra t ion .  Words  9, 10 , 11  contain x , ~r , z, the acce lera t ion
component s of the r e f e r e n ce  point , expressed in me te r/ sec 2.

Lase r  B i a s  St a t-es

Laser I Word  12 c o n t a i n s  the f i lt e r  estimate of the range bias of
l a Se r  1 , exp re s sed  in meters .

‘Word 13 c o n t a i n s  th e  f i l te r  es t imate  of the azimuth
b i a s  of L a s e r , expres sed  in rad ians .

Word 14 c o n t a i n s  t h e  f i l t e r  e s t ima te  of the e levat ion
b ias  of Lase r  1 , exp res sed  in r ad ians .

L a s e r  2 Wor d s 1 5 - 1 7  ( Ofl t ,~in t he  f i l t , ~r e s t ima te s  of the ran go- ,
a z i m u t h , ri nd e l ev a t i o n  b i a s e s  of Laser 2 , expressed ,
r c - sp ( - c t s v e l y ,  in  m e t e r s , r a d i a n s , and r ad ians .  Should
onl y one Ia s c m  h .,  -.-e b een emp loyed , word s 1 5 — 1 7  ~v i1I
cur ) t ,- s in  / ( - r o .
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~ .a ’.er 3 Word s 1 ~~~~ ~on ta i r i  t h e  f i l t e r  e s t i m a t e s  of the range.
a z i n i u t l e  uO’i e l ev at io n  bi ast ’s  of Laser  3, e x p r e ss ed ,

respec t ive l y, in m e t e r s , r a d i a n s,  and r ad i ans . Should

onl y oi.e or two l a s e r s  have  been employed , word s

18-20 will contain zero.

IN S Bias Stat es

Word s 2 1-2 6  contain the filter estimates of the INS bias state.

Should no IMU have been employed , word s 2 1-26  will contain zero.

Word s 2 1 - 2 3  contain the estimated INS orientation biases about the

INS cast , north , and vertical axes , expressed r adians.

Words z4-a6 contain the estimated INS velocity biases in the INS

east , north , and vert ical  directions , expressed in meter/sec.

St a n d a r d  Devia t ions  of’ Stat e Vector Elements (Word s 27-50)

Word s 27-50 contain the uncer ta in ty  ( sta nda rd deviations) in the

est imated values  of the state var iables , computed by taking the square

root s of the diagona l element s of the covarianc e matrix . The uncertainties

are in the same order a s the state vector  elements , and expressed I n the
sam e u n i t s .  Thus word 27 conta ins  the s tandard deviation of the x po s ition

c o o r d i n at c  (word 3) and is expressed  in meters;  similarly, word 4 1 contains

t h e  s tan d a r d  devia t ion  of the  elevation bias of Laser 2 (word 17) and is

expressed  i n radians.

When a bias s ta t e word con ta ins  zero  because the sensor was not

i’ni p luy ed , the cor respond i ng  s tan d a r d  devia t ion  will likewise contain zero.

A i r c r a f t  A t t i t u c l e ( % V o r d s 5 I _ 5 n )

In order to con~p.i rc the GPS so lu t ion  with the BET , it is necessary

to t r a n s form t h e  BET p o s i t i o n  to (h e  po si t ~ on of the GPS referenc e locat ion

on t he a i r c r a f t .  This t r a n s f o r m a t i o n  i s

X + I t óXr b

in w h i c h  B is a t r ,’i n f or m ,-i t , o n  ( r o t a t i o n )  m at r i x  and
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x ~~- - - l t 1 o n  ut ( i ~~~
- , ref ..  r i - n o  • lut a toon , or.  IRCC c o or u i n a i c s .

X - pu~.l h .r . ..: p o i nt  -~~~~ ~~~~~ t 1  I~ k-:T waS t , t l C U I a I C ’~ , i f l

‘ 1l(C( ~~.o r .h in . , t . - s ,

OX ~~~ r e l a t i v e  lu~ ~ t~~ur i  of ~.PS r e f e r e n c e lo . .o t ou n  to BET
- - 

Cdl t  u l a t i o n  p o in t , in .. o r . .- r a f t  bod y coordinates .

The 3 x 3 m a t r i x  J~( ! , i i  u. cont ~~oned in w o r d s  5 1 t h roug h 59. ~r. c
f i r s t  and second in d i c e s  de not e r ow and  olu m n , rc - - .pect i v e ly.

Word M atr ix  E lement
51 B(l , l~

8(2 , 1)

8(3,1)

54 B(1 , 2)

55 8(2, 2)

57 8( 1 , 3)

58 8(2 , 3)

59 8(3 , 3)

C ov a r i an c e  M a t r i x  ( W o r d s 60-65)

in wo rd s 60-C. S a r e  r e c o r d e d , in p acked form,  the cova r i ar i ce
ele ment s co r r e spond ing  to pos i t ion  s tates .  The matrix i s  w r i t t e n  out

by ha l f  columns - -

W o r d  C o v a r i an c e  E l e m e n t

(,0 P( 1 , 1)  = 02

6i P11 .Z) 9(2 , 1) p12 o o

y
1 - :l , 3) 9 ( 3 , 1) -

1 - 2 .3) 9(3 , 2) p 23 o

6~ l~~3 , 3 )

w i t h  t h e  p~~ be.~~ c~r r o - l , 1 i u n  c o e f f i c i e n t s ,
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W o r ds ( ( . — ~ ‘ , ni i t a t i t i n g  th..- e ~ i . m n - t t e d  v a l ue s  of the sta te  v a r i a b l e s

‘ .1~~ h w er e  ( .~r p a l e d  i h u r i n g  Ih t -  f i l t e r  pa ss , t orr esp oa d in order , u n i t s .

.~nd r . - p re scmi t ~~t Iun t o  word s ~~~~~~ S~iuu1d th e  BET be based upon the

f i l t e r  pas s  a l u m  , word s i,6-b~ wil l all t o nt a~n L ero .

St a n d ar d  D e v i a t i o n  of S t a t e  V e c t o r  E l e me n t s f rom Filt e r  Sol ut ion  t W o r d s 9 0 - 1 1 3 )

W o r d s  9 0 - 1 1 3 , c o n t a in in f~ t he  s t anda rd dev ia t ions  of the va lues  of

t h e  st .,t e v a r i a b l e s  e s t i mated d u r i n g  the f i l t e r  pa ss , cor re spond in ord e r ,

u n i t e , a fl(J re p r e s e n t a t i o n  to words  27-50 ,  Should the BET be based upon

the  f i l t e r  pass  alone , word s 90 -113  wi l l  all contain zero.

Tab le 111 summar iz e s  the locat ion in the BET output record of the

va lues of the s ta te  vector  element s and the ir  uncertainties , depending

upon whether the pa rameter was determined in the smoother pass or in

the f i l t e r  pass.

M e a su r en . en t  }~e s i d u a l s  Word s 1 1 4 — 1 2 5 )

The capab i l i t y  to c a l c u l a t e , b y means of a measurement model ,

t h e  v a l u e  w h i c h  a m e a s u r e m e nt  would  g i v e  in  t h e  absence of noise , is

~n h er cn t  in a K a lm a n  f i l l e r .  (The  m e a s u r e m e n t  model ca lcu la t ion  is

ba sed  u pon the  v a l u e  of t h e  s t a t e  v e c t o r  e l e m e n ts .  ) The measureme nt

r e s l ( Iu ~o l s  conta ined in wo rd s 1 1 4 — 1 2 5  a re  the resul t  of applying the

m e a s u rement  model to t he  BET st ,-o te vec to r  and forming the d i f f e r e n c e :

( R e s i d u a l )  - ( M e a s u r e m e n t ’) - (M e a s u r e m e n t  Mod ..- !)

For the  L i s e r  m , . - . s u r e n i . - n t s , t h e  m e a s u r e m en t ” is the value

produce d  by p r c — . - d i t i m i g  h . ~~c r da ’a ari d p r e — f o l t - r i n g  f rom 20 samp les

p er  second to  5 sarn p lc- ’- p r  second . A sep ar a t e  l a s e r  r e s i d u a l  is

ca l c u l a t e d  for  e a ch  J I E o  en p i t  r e c o r d .  11 a l a s e r  was  not emp loyed ,

i t s  rnea q u r c n i t - n t  r~- s i d u a l s  w i l l  c o n t a i n  i er o .

The  data m n t - rv , l (er 1~~~~/ I- ~ - - I , t , ,  i s  ex p e c t e d  to  he v a r i ~~I~-h

w i t h in  • p i s s . bn t I ‘ h o~ r . - t h - r  t h i n  0. ~ s i- i . Consequ .-nt lv. !h !‘.

n , , - , -,.)r. -r t i e r ~I r - - n d i . . l s  ‘v i i i  t~ in, I i ’ d  1 ~,i. i~~S m c ’ i s u r e n h .  ni ~~ - t

- i  . i r r . - d  ~~i i h m r ,  ‘‘ - - ‘ r - ~~~H i~ 
( I !l ~~ ~c i l l  n ,~~r q i  ~ih  r~~l~~ - . i f

. ~1I v - i s  n et  . nip ln y i ‘I . ~l l 
- m e - - , s i p - v- n e - r t  r i  s e l i t I s  w i l l  U . -  - r u .
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— APPENDIX C

This appendi x contains samples of the types of data available as

line printer Output from the GPSBET program . The fi rst four pages are

an example of the Ka l man filte r control report. This report list s input

control parameters and a priori information for the Ka lman filter. Next

are the fi rst three pages of a typical run of the Kalman fi l ter accepting

data from three lasers and INS (24 components in the state vector). The

last two pages of this appendix are copies of the firs t two pages of the

Kalnia n smoothing report . Note that output from Kalman smoothing is in

reverse chronological order ( t i m e  backs up) since smoothing is accomplished

by a backwards recursion on the filtere d output.
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Append~x D

- This appendix contains plots of differences between GPSBET

estima tes for a trajectory and the true trajectory from which simu ’ated

measurements were generated.
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1 .0 INTRODUCTION

The TAPP* (Trajectory Analysis and Prediction Program) is designed as a

computational tool to simulate trajectory motion and tracking operations , to
recons truct model characteristics responsible for observed behavior and to
perform error analyses by pro paga ti n g uncer ta i n t i e s  in  initial conditions ,
measurements an d sensor models into trajectory posi tion , velocity and
acceleration at subsequent times. 4-

1.1 Background

In mi d-1966 the TRACE-D (IBM 7094 ) orbit determination program was obtained
at AFETR for evaluati on . Through the remaind er of 1966 and most of 1967
close contact was establ ished wi th  the Ae ros pace Cor pora t ion  for im p rov i n g
and using this version of TRACE.

Late in 1967 TRACE 66** was made ava i lab le  for use on the CDC 6600 and 3600
computers . This program was considerably improved over 1RACE- D and ind uced
years of experience gained from its predecessor. It was quoted by Aerospace

to represent a $6M effort to that point.

Dur i n g t he summer of 1968 the TRACE 66 program was converted to run on the
IBM 360/65 by RCA with severa l extensions aimed at improving i ts endo a t-
mosphere trajectory solution capabilities . This version was renamed FIA T ***

(Final Impact and Analysis of Trajectory ) and used in 1970-72 on projects

including: 1) The Navy Poseidon Reentry Reduction , 2) NASA M i ghty Mouse

Determination , 3) Foreign Object Evaluation , and 4) System Analysis

Simulation.

Ear l y in 1973 it was brought to SAMTEC by ROWS and implemented on the 360/65

to provide analysis support for real -time comparisons. Over the last thr~~
years it has been extensively extended to provide a relia ble yet
versa ti l e  r een try p ro gram .

* see re ference 1 an d 2
~~~‘- see reference 3

- I re  re ference 4 and 5

L -- ~~~~~~~~~~~~~~~~~ ._ 1_~.-.-.-
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Several peripheral programs w i.-r -
~ prepared at WTR to preprocess infor~ation

used by the TAPP program as illustrat ed in Figure 1. The POT POURRI*
p rogram was wr itt en at WTR to merge asynchronous observat ion data from
different sources onto a common tape. The RSAT** p ro g ram was an AFETR
program for prefitt ing atmospheri c data . The LRGM*** program was acquired

from Defense Ma ppin g A gency to genera te local a priori supplementary
gravity force histo ry . The TAL/D program was an extension of the AFETR
DMDM**** program to generate high resolution drag and lift coefficient

history data fro observa tions. The PO~/d - ; I -ogr am is s i m i l a r  to ~AL 4 -D

except it generates thrust and guid ance h i s : o r y  for the boost phase of t~~o

flight. Finally, the DSTACK and CCPLOT are multiple pass p rinti n g asu

plotting programs written at 4-1TP using 1~FE TR Idestack l phi loso~h~ .

1.2 Charac teristics

The TAPP program accepts information relating the vehicle charactur ,

ambient environmental conditions and t ne  instrumentation (Figure 2).

It provides as output best estimates of trajectories , trajectory compari-

sons , sensor error models . trajectory and sensor parameter uncertainties

and trajectory and look angle predictions (Fi gure 3).

It is a 35 ,000 s i - i t er :c- nt FORT~ IN pro;~ consist ing of 300 subroutines
4-~5ich mer -at ~~s i n  59 o’~~ri ays on 288K bytes of storage on an lB~-~ 360 / 65

co~13I4ter nder IPSYS . ~t is retained on tape (and disk) and manipulated

with a set of mariac ~ - -~n t  r o u t i n e s  for IPodif ications as wel l  as ap : l ica t ions .
Mf l t i p le  cop~e~ of source l i b ra r i es , object l ibrar ies and load libraries
a r c  rc - t a i ued  on t a~~~e for backup and experimentation . The version is

indicated by the re lease date prin te l i on tne title page of each run.

The p r r q r a - - I has four lodes of I~~- - r a t ~ on and can be sequenced (Figure 4 )  by

an input itine rary of numerical va lu os 2 through 5 whose func t ions  arr

‘in fined as follows :

* refernnce 6
k* reference 7

refer -~nce 8
**** reference  9
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I
2 Parame ter Reconstruction

3 Trajectory Simulation/Compariso n

4 Observation Generation

5 Error Analysis

Running times vary over a large range depending on the problem. A typical —

preflight error anal ysis with nine stations and 10,000 observations
requires approximately 10 minut es of CPU time . A reconstruction run - -

with 10,000 observa tions may require from 30 to 180 CPU minutes depending On

whe ther 10 or 100 parameters are adjusted and upon the quality of the

initial cond itions.

1.3 Definitions

The following is a partial lis t of terms and their definitions to provide
the reader wi th a better understandi ng of the discussion which fol lows :

BC - ba l l i sti c camera

BET - best estimate of trajectory

boost - trajectory portion from lift-off to
f i nal  thrust  terminat i on

bus - main body of launch vehicle
epoch - trajectory start point (initial conditions)

free fall - portion of trajectory where no
s i g n i f i c a n t  atmosphere is required

- 
I GLS - generalized (weigh ted ) least squares

MM - Minuteman

modelled parameter - parameter which Is subjected to
adjustment in reconstruction

reconstruction - estimation , determination , differential
correction of adjustable parameters

reentry - trajectory portion below 300K feet

~~~ coming down

R~ - reentry vehicle

separation - separation of RV from main bus

161
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uncert~ inty - potential parameter error or measure of

dispersion . Generally the rms about

the mean.

unmodelled parameter — parameter not subjected to adjustment

during reconstruction but whose

uncertainty is propagated into the final
parame ter covariance

weight - certainty (squared ) attached to an

observ ation or parameter equal to tOe

inverse of the uncertainty squared .
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2.0 APPL ICATIONS

The reconstruction logic of TAPP constitutes the most distinctive capability

of the program and has severa l range applications.

The other functions namely those of simulation and error analysis are
primarily subsets of this reconstruction process with some extens i ons
added for the sake of convenience and versa tility .

2.1 Vehicle Motion Determina tion

The requirement most often encount ered is the eva lua ti on of a BET , i.e.~
best estima te of trajectory , which is the motion history of the vehicle

best representing available observations. Such a trajectory is forced to

be con tinuous  in  pos i t i on and veloc i ty by the u s i n g  of eq ua ti ons of ~‘ution
modelling .

For such a requirement precise knowledge of the atmospheric profile and

gravitation field is not required since these physical model variables may

be treated as adjustable parameters in the overall solution (possibly with

some a pr i or i conf i dence on the assumed models  to ensure a degree of
reasonableness).

For i n s tanc e, the a tmospheric density versus height can be adjusted to

elim inate excessive residuals for any altitude segments of the trajectory .

An alternat ive to this which would give the same overall result wou ld be

the estimation of the drag or lift coeffic eri t functions versus time since

they are both linearly involved in the computation of the fluid forces.

2.2 Sensor Cal ibrat ion

Another requirement of a range is the eva lua t ion  of sensor performance
i.e. , ch ecHng the consistency beLween observat ions on a censor—to-sensor
or operation . to—opera t ion bas is .  Simultaneous wi th the solut inu for a
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BET are the resolution of individual sensor biases (and other error model
terms) to m inimize observation disagreement (referred to as residuals).

Sensor error models can be cons tructed from a history of these sensor

error estimates from severa l different BET solutions. Figure 5 is a

typ ical set of sensor biases from an RV Separation to impact solut ion.

2.3 Environmen tal Model ling

The most prevalen t ex o :~j le of environme ntal rodell ing is the esti nat~cn o’
gravitational coefficients using multi- rev orbital f i ts . Modelling of

solar flux and fluid drag affects for orbital purposes are also common ,

but the variability of the a tmosphere at low altitudes severely limits

its usefulness for reentry or boost pha se environmenta l modelling.

2.4 Vehic le Character Est imation

When the proble m is that of defining the ~~y~J~a1 character of the v e h i c l e
as well as its motion , accurate atmospheric observa tions are also required .

The definit ion of only the BET does not require discerning between te r~is

w i th in  equation (1) as to the specif ic reason for the f luid accelerat ion
magnitu de or in fact even between the terms of equation (2).

2C~ a p V
A - -~~ ( l ) *

DRAG 
- 

2m

ATOTAL A D RA G + AL IFT 
+ ATH RU ST + A G R A V I T Y  (2 )

+ A
OT H ER

w h e r e  C D = drag coeff icient
a = cross section area

= air density
V = veh i cle veloc i ty rela t ive to a i r
m = v e h i c le mass
A = acce lera t ion
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When the physi cal cha i -l L t e r of the v e h i c l e  is to be determined , the C0 A/rn
of (1) is essentially the required pdranieter and knowledge of density and
fluid velocity (wind) must be additiona l observations. Thus , rn longer
can C0 be allowed to absorb errors in I~~ bu t  a must be a known quantity .

2.5 Predictions — Look Angles , Target Recovery

After a BET is formed for an ob~e~ ,e1: period it is sometimes necessary to

extrapolate the trajectory to a region w r e r e  no observations exist for

pur poses of pointing other instrumentation a- even for target recovery .

The TAPP program facilita tes such runs by retaining the necessary trajec-
tory parame ters from a reconstruction run to apply same in a subsequent

extended observation generation r~ n as depicted in Figure 6.

2 .6 Ran ge Plann i n g

Part of the range function is planning future efforts including the

prediction of BET quality and the allocation of sensors to satisfy

accu racy requirements.

T he basic  s ta ti st i cs i nvo lve d in a le as t ~1 uares trajectory reconstruction

problem can be used to determine the effects that specified sources o f

uncertainty have on the confidence of the least squares estimated parani-

eters and subsequently an the trajectory . These sources of uncertainty ,

for exam p le , may be systematic inaccuracies in sensor biases , random

var iat ions in obso - v r i t l O f lS ,  uncertainties in vehic le related parameters
and envir o nrenta l ~ooel uncertainties .

This covar iance analysis procedure does not require an actual est imat ion
of the trajectory , no r does it re qu i r e  ac tual  obse rv a t ions ; however ,

site-trajectory geometry , the observat ion  ty pes and observa tion int erv a l s
are required for each sensor. A basic covariance analysis of trajectory

uncer taint ies can then be obtained by simple matrix manipulation.

- . - 4 4 - - -- — -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Essen tial ly, observation uncertainties are used to improve the a priori

uncertainties of a given parameter set , which normall y include the epoch
state vectors. This total parameter covariance matrix is then propagated

into trajectory posit ion , veloci ty and accelerat ion coordinates for each
specific time to provide three corresponding ellipsoids of uncertainty at

I 
each time . (See Fi gure 7 .) Generall y, 1—sigma uncertainty el l ipsoids

- are dealt with which infer a 20% confidence that the trajectory is w~ t r in
- 

tha t ellip soid* surface at  t ha t time .

Relat ive comparisons of various sensor aor-ih~:-ati ons can be compared directly

in terms of trajectory quali ty for ranyl -: p lann ing purpo ses althou~
- considerable care must be exercised in a:~y interpretation of sucn uncertain-

ties in an absolute sense since error cor :-- ei ation between observations

pla ys a very deceptive role in cova riance analyses. For instance , the use
- of a 20 sample-per-second (sps) ~uta rate from a radar does not reduce toe
- 

veh icle position variance (uncertainty s11~ared) by a factor of 2 from th a t

of usin g 10 sps due to seriol error correlation .

r

* A 2.8 si gma ellipsoid would have a 95% confidence while 3.4 sigma
e l l i psoi d would have a 99% confidence.
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3.0 1EC F-I N 1QLP S

The least sruares reconstru L10n process is nu l i ca l ly a se~1 a~ r :t~ a 1 l in ear

correction proces s comparable to toe c i I1p 1~~~ ~ewt On~~ r Ia p on :~~thü c exL~-~-~
in mul ti pl e d1n 1~ nsi Ons . Srv e ? - -J~ pr1rc ipu~ ~echrI iqJe 1. are discuSse ~ ~~~~
which relate to its application.

3.1 Reconl tlu ction Quali t y ~ ~sures

-A str c t ~, nu an t I~~at ~ 1
~e comp ar ~ s- . o~ s er , s~ 

- resjd~a~ ~s ~~~ cie . - j  -

ro o t -nea n-sq ua r e  ma gni tu des o~ e~~~ .h oD-~e’-;ation chann c~1 as ii ustr~ t eu -

Fi gure 8, alt nou qn aensor re u...a~ p ats ~ v i d e  toe nest ~~~~~ : ie

i nte -o~-et at ion or ~~
- - or St UCt i3~ 

I;~~J~~
-
~~~~~~~~ 5 x~~~~~-~~ I trende-1 resid~~~l n e n a .1~~ur

ap peT r’s ur - one sensor i t  caa be ccm~iarcu with that of one tuer for rren-:
c o r re la t i o n s wh i ch wou ld li - e l y  ind i c at e BET error rather tnan sc-:sor

obser vs MOn  prcoi er:s -

An examp i e on Operation 72b9 ear ic ~~~t (1890-1892 seconds) showed a raoar

ri!Icp componen t an d J rada r angi e se t s  (Figure 9) w -~th hi ghly correlat c-c

non--zero res d ,~ . c . Farther , the r-arige component of the A ~~ radar

(Figure 10) was at- ~o p ositive l y correlated with tnis trend , but itt

Or iQ i CS were fle -:-iti. e~y correlated , i .e . ,  in contradiction. As ~t tarried

our mul tip a~ h baa cisto rted th e s e -~- COR angles at the very low ~~ovotL ~’

angles and oith it s uew eightinc l 2 the 5 sensors ’ residua s fe~i neat y .0

z-oro mean v~iiue s.

In yet another case our in -~ rec- ,, t ry  a r a d a r  had a sudden 5 tau t  ~ai ft in

range and dis agree strong ly with 3 RAPOIS . In this case a s-ac,n-:: v eni cle

event caused a sudden burst of ion izo -r i on and sh4fted the electr onic range

c ej -~u r e  1eov ~ ng the O pt ic a l  observat ions unaffected .

3 ~ Obscr v r lt i on  Wei yht ing

Each o~n~ rva t ion used in a solution can be assi gned a quality value (an

ur i cer ta :nty , Le. , actua l l y  a ~ua lity inverse) to control its relative

L 

inf1 ;I~flce in the overall solution . Also , the i n it ia l  estima te of each
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adjusted parameter is assigned such a qu ality measure for the same reason
(technically each parameter ini tial estimate constitutes one added
observation).

it is often bel ieved that any solution is possible wi th the proper
manipulati on of these wrights. The fact is , when observat i ons are i n
ag reemen t , i.e., cons istent , then the solution is invari ant to -.-aight
c h a n g e s . That  i s , the weighting nas no effect on the solution. Only sn -1
observa tions di sa gree is  wei g h t i n g  a factor. When they do dis~ -i” ae the

cause can of ten be foun d , using the residual p lots , and the ‘ erruria o~ - . 
-

data dewe i y hted.

In essence tue use of equal we i ghts , for c~sagree iriq sensors , i.e., sp lit ti c~4
t he d i f f e rence , is  seldon a sat i s fac tcr~ compromise. Tha t solut ion ~s rnos~
cer tain to be a wrong one since it agrees with neitner set of OCser ;~~t i o o s.

3.3 Observation Sufficiency

Tra jec tory s o l u t i o n s  cons tra ine d by the equa ti on s of mot i on requ ire less
in the way of observation constraint s at each time point coon do noi nt by

point solutions. For instance, optical azimut o and elevation obse r-~~tions

over a Jficient time span with reasonable geometry can define a un iqa-

trajectory . If the qeor~enry is mar gi nal then a s i de cond i t i on a t a sin n i e
time point would normally suffice. As an example , Figure 1 i ll ust ates a

radar tracked bus (with R , A , E observations) from which an op tically

tracked RV (A, E observatio ns only) seta -ates at some time prior to the

observat ions. Application of an in i tial RV position estima te from the

bus crtjectory constrains the RV trajectory so that it then requires the

adjustment of only the separation velocit ~ vector and RV drag para; ’:ecerc .

Varying the separation time can further be used to minimize RV residuals.

3. 4 Hioh Resolution Trajectory Estimation
‘I

The TAPP program is limited to estimating 25 constant drag parameters , 25
horizonta l lift parame ters and 25 norma l lift parameters*. Even for

* further limi ted to a tota l of 60 vehic le related parameters .
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mildly lifti ng passive reentry bodies SUCI as MM 11 these limits y ield tOi ewT.J t

c ru d o resul ts , not to m e n t i o n  veni cles intentionally maneuvered .

A preprocessi ng program n I t rrir-d to as fe /D (Trajeccur -y Analy s. s of Lift
and Drag) ho~ been deve lo .ad which uses a m o v i n g  arc  ~ parame ters equations
of motion filter with u~ to 57 c h a n n e l s  of o b s e r v a t i o n s  f rom a max irlur- i

of 19 sensors to estimate drag and lift accelerations at any resolution

permitted by the data . A lthough the p O S i t i t i  and veloc i ty vectors are

part  of th~ esti mated parameters the:,’ are nc- s necessarily useful since us:~-’

may includ e biases not resuhed in thi s resoi ution. A special preca utio n

IS ~ n in  th Is p~ ocess to av oid false accelerati on transients caused by

the starting or stopping of obser’ICtioll sets within a filter span . For

ins tance , if radar A has a bias and ~ does not  then the apparent t r a j e c t or- ,’

could appear to h n -~e a f a l s e  trans ien t as depi cted ny the dashed ii C~ in

Fi gure 12-a. The constrai ns is applied tiat a sensors data is used only

if it covers the entire filter span. Wi th this constr aint the ror;~ rab~e

pos i t ion  r e s u l t  w o u l d  appear as in Fig u~e 12—b and although p o s i t i o n  is

d i scon ti nuous  the ~cce1erat ions remain continuous. The situation is

comparable for rate observations .

Th~ hi gh resolution values of bDA/~ . 
- A - ’W and 0 versus time are recoruec

on tape by TAL/D for su n sequ ent input into a TAPP reconstr uction run

(F igu re 13—a). h- -n , ii TAPP . a low .n-quency adjustment or biasing ot

these profile segments is accomplished using the 25 avai l1tl e pa r3- .:~~ e rs

‘cr botr toe drag and l i f t  components as nepicted in Figure 13-b. For

instance , the net b a l ii st i c coeffici ents for each time would be obtai ned

cy multiplying the values of profile 13-b with the respective value s of

13-a.
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4.0 FEATURES

Some of the salien t features of the TAPP program regarding Its capacity ,
r al iabi lity and convenience are discussed here. The more significant

features are detailed first and the remaining are summarized in the final
paragraph of this section.

4.1 Parameters (modelled and unmodelled )

‘
~arameters are special variables in the TAPP program whi ch affect the

character of the trajectory and whose values are of direc t interest to

the analyst. Such variables Include the vehicle initial state vectors

and it s d ra g an d l i f t character , coeff ic i en ts r e l a t i n g  sensor error models
and certain environmental model definitions.

For the reconstruction process only modelled (adjustable) parameters are

mean ingful while in the error analysis process unmodelled (unadjusted )

parameters are appl icable . The use of unmodelled parameters provide a
means of i n c l u di n g the u n c e r t a i n t i e s  of reasonabl y well  known parame ters ,

suc h as the gravitational constant , in the final covariance matrix without

subjecting it to possible alteration in value caused by unexpected correla-

tion problems or weighting errors.

The available vehicle related parameters in TAPP are indicated in Table 1

an d the available sensor and environmenta l parameters are shown in Tables 2

an d 3 respectively.

4.2 Bounded Least Squares

The TA PP program does not rely on the generalized (weighted ) least squares

(GLS) process alone but utilizes what is referred to as a bounded least

squares process. In the solution of a GLS problem it is not uncommon for

the observed weighted residuals to not follow the corresponding predic-

tions , or even to diverge. Conditions that could lead to such circumstance :

may , for exampl e, involve i nadequacies in the observational model or poor

initial estimates of modelled parameters.
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Where there are such manifestations of nonlinearity , it is necessary to
introduce side conditions bounding the magn i tude of the correction vector
at each i teration to force eventual convergence.

Since the purpose of the bounds is to ensure the good behavior of each
interation , thej are changed dynami cally according to previous performance.
The overall weighted sum of the squares of all residuals is this measure
of iterative performance. If it grows from one iteration to the next the
solution is diverging , indicating that the corrections are too extreme.
Therefore, before proceeding, the last iteration is repeated with smaller
bounds .

Conversely, if the overall residual magnitude decreases from one i teration
to the next the solution is converging. Therefore, to allow for the
possibility of more rapid convergence through larger corrections the bounds
are expanded .

To bypass the bounding process on any or all of the modelled parameters
requires the use of negative bound values for those respective parameters .

If all parameters have negative bounds and an interation is divergent the
run will terminate since no remedial action can be taken to promote
convergence.

In general, the values of the bounds should be set to that of the expected
maximum error in exact parameter. These bounds are generally halved when
divergence occurs and multiplied by 1.5 when convergence occurs.

Further, discussion of the bounds logic can be found In reference 3,
Vol ume V.

4.3 Differential Equations Solution

The TAPP program solves variational equations along with the differential
equations of motion to form the partials for the vehicle parameters. Two
methods are available in TAPP for numerically solving these differential
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equations . For exoatmospheric orbita l prob lems a 10th order Gauss-Jackson
technique with automatic step selection provides quality solutions in very
short running times. For endoatmospheric solutions the differential equations
of motion are sol ved using a drag linearized Runge-Kutta Gill (RKG) technique
while the variational equations are solved with only the RKG method , i.e.,
no linearization . Automatic step selection procedures provide a consistent
solution quality with respect to time even for high drag parachute drops.

4.4 Initial Conditions Self Start

The self-start mode for deriving ini tial position and velocity vectors uses
range, azimuth and elevation type observations. It transforms up to 30
triads of such observations to Cartesian coordinates and least squares fits
a 0th through 7th order polynomial to each component. This method enables
endoatmospheric as well as exoatmospheric reconstruction self starting.

4.5 Parameter Constraints

Certain adjusted parameters may be related to other parameters rather than

being Independent. For instance, one stations survey may be well defined
relative to another site which is itself to be estima ted. In this case
both stations are stipulated as adjustable parameters, but a constraint
matrix is included to relate the two surveys. As a result the two surveys
are moved as a pair retaining their original relative locations wi th respect
to each other as the estimation process proceeds.

4.6 Weighting and Editing

All observations and initial parameter estimates are weighted to control
their relative influence In a reconstruction problem . Observations can be

wei ghted as a group according to type and station or are individually

wei ghted on a point by point basis from the same i npu t source as the

observations themselves , i.e., cards or tape.
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Observations editing can be controlled based either upon a priori input
sigmas or sigmas derived in the last iteration .

It should be noted that only the relative magni tudes of the sigmas are
significant in the reconstruction problem . Their absolute values are
meaningful only in the error analysis problem .

4.7 Other Features Summary

Other capabilities of the TAPP program which can be summarized in a few
words are listed in Table 4.

TABLE 4 OTHER FEATURE SUMMARY

• MULTIPLE VEHICLES (SIMULTANEOUS RECONSTRUCTION)

• 40 SENSORS/UNLIMITED OBSERVATION S

• 100 PARAMETERS (SENSOR, VEHICLE , ENVIRO NMENTAL)

• 35 OBSERVATIONAL TYPES

• 5 ATMOSPHERE MODELS (DENSITY, WIND , PRESSURE MODELS)

• 1000 GEOPOTENTIAL TERMS/20 POINT MASS MODELS

• • MOVING SENSOR CAPABILITY
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5.0 INPUT AND OUTPUT

Considerable effort was invested in the orig ina l TRACE program and extended
in the TAPP program to make it easy to use. Large data sets such as those
for the geopotential models are retained on tape libraries for access by a
sin gle mnemonic. Default constants are available when direct input is
omitted. Input data is broken down into various categories as indicated
in Table 5. The category input requirement for each program function is
speci fied in Table 6.

Explicit input error messages are provided to clarify mistakes in deck
preparation . Finally, documentation is available to fully describe the
methods and techniques for each type of problem .

Output can be time sequenced or sorted by station . Special altitude ,
latitude or longitude dependent print -out s can be specified independent
of time for trajectory output. Rise an~ set information can also be
output based on first and last visibility for each site . Tables 7 through
10 provide a summary of the output available from the TAPP program.
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TABLE 5 TAPP INPUT CATEGORIES

Name Constants

MODEL Models of ambient physical conditions which act as
constraints on trajectory motion such as gravity
field , atmosphere character, etc.

VEHICLE Vehicle physical descriptions such as lift and
drag coefficients versus mach , time , or height ,
initial position and velocity vectors , weights ,
areas , thrusts, kicks , etc.

STATIONS Geodetic and astronomic observation or reference
site positions, ID, indices , etc.

SENSORS Observationa l sensor adjustable or fixed parameters
such as site survey, biases , scale factors, etc.

OBSERVATIONS Observed measurements such as range, azimuth , ele-
vation , etc.

DATA Simulated observation generation specifications - Type II
consists of the observation types to be produced
and Type I data generation cards denote when output
is to occur.

AlA A priori (AlA ) matrix for model led parameters
expressing a measure of their confidence or quality .

COVQ A priori matrix for unmode lled parameters expressing H
a measure of their quality . H

REJECTS Information specify ing observation da ta points H
or spans to be deleted from use as inputs under
the OBSERVATION identifier.

BU ST A matrix of constraints relating certain modelled
parameters with other modelled parameters.

VISCON Visibility contour input data section .

137

L __ _______—



_____________ 

— ‘U, — — - — - — — 
—

_ _ _ _ _ _ _  

_ _  

188

_

~~~~~~~~~ 

_ _ _ _ _ _ _ _ _



LU

~~ a -~~ ~~~

~~~~~O < O~~~~~~~ (n
~~ I- ~U ..J LU LU

LU )< 
~‘-~~~~~ E

~~ ~~~~O E ~~ 1-  I-
LU LU ~~ a

<~~~~ I-~~~~~~~~
~~~ 

i.-. — — - J o
Q. 

~~ <& LU Z LU J J
0 LU LU .~~ ~~~.

~~~~~V~~~ (D .
~~~~~~~~~~~~~~LU Z ~~ -. L~ L) LU

0~~~~~ Q W V ~‘l ~~~~~~~~~L U W Q~~~~~
~~. L~~~ Q

0~

0

0
‘F,

0~
z
0

• L) 
~~j  ~~~.c
~ I—
I-, ~~~ —

I - 0
LU *LU LUI— 

— _.J
‘-* U.. LU —

-.1 ~~J 
~~ _J _J 

~~L) (~~~~~~ (.) L )  —_4 ,_. — — — ~~
~~ LU LU

LU LU ..J W U J  . J
>- — ~~ x — m ~~ o.L) ~~. O L U  L) ~~. Q. LULU V) (i~ ~~ LU ~tl V~& ~~
I—
(_)
LU

LU

‘F’

LU11 I— — (_)

LU

V) LU
LU
L) L~.O>- ~-4 LU 0

I-
O LU

C(~) 0~ U.LU LU ‘F)-
~~

-J C
-J

oLU 
~
- cx

C..) LUL) LU
— I-,

LU
I.—.

• • S •
189

t4 
_ _  _ _ _ _ _ _ _ _ _

_ _ _ _  

_ _  _ _ _ _ _ _

L~~~ 

~~~~~~~~~~~~~~~~~~ 
— - - -.-.-—~~-~~~~~~ - .  — — ______•

~~

• —



r -

~~~ ~~~~~~~~~~~~~~~~~~

-

~~~~~~~~~

=

~~

--

~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~

LU

>-
F-

a’
F-

U-
F- o
C

I—

>~

I—
LU

I—
‘F)

a’(-)
LU

— F -
C D

LU
F-
LU

0..

a.)

LU
‘/ -,
-J

• I-
(I) 

LU

F- <
C) F-

‘F) LU ~~LU LU F- < 
a’

~~ C) ~~

t~ ~LU 
LU

‘F)

C U- 
0 ~~

• • • • . •

190

— - - -~~~~~~~~~~~~~~ --~~ -~~~ 
-

~~ 
- • -1

• —

~~~~~~~

- 
*



___________________________________ ~~~
.. —

~
J-- - —•- - —I

Li
LU
(D
-4

I- LU
LU U-

U- LU LU LU
I—

.
~~~ 

.~~~ LU LU
U- J .U J LUO LU U - U - W (~0

‘F) ~~~ .~~ ~~~ U-— U- F- C) ‘-I -..
C

> F- LU LU LU C ‘F)
LU F- .J -~ LU LU

U- C) C)
U.. .*~~ LU LU

0 I- ñ C) ~~ U-

_ _ _  

~~~~~~~~ 

E !1
_ 1

—~~~~~~~~~~~~~ 
__: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



.~~~~~~~~~~~~~~~~~~~~~~
-
~~~~~~~~‘-

—
~~~~:: ~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~~~~~: --

F-

U-
F-

(I-)
C LU

• ‘F )

192

•
~~~~~~~~~~~~~~~~~~~~~~~~~~ —- -~~~~~~~~—••~~~~~~ —-- • •~~~~~~ ••  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • -.  ~~•~~~~-



1 1 
6.0 EX PERIENCE

On Apri l 6, 1977 a special JRZAIG* working group met at SAMSO in Los Angeles
to compare BET results for the Minuteman III Operation 6290 separation to
i mpact trajectory for the purpose of estimating first order trajectory
uncertainties **. The solutions from five participants , Kentron/KMR , Lincoln
Laboratory , TRW and Xonics were compared with that from FEC/SAMTEC using the
TAPP program for a trajectory shape approximately defined in Figure 14. The
position differences in terms of intrack (X) (along earth fixed veloc i ty vector),

• crosstrack (Y) and normal (Z) (normal to X and Y) are shown In Figure 15.
Reference 10 details the parameters of each participant in these comparisons
and reference 11 detaIls the 6290 solution work accomplished at WTR leading

• to this solution Including comparisons of the effects using three different
gravity models on the solution . One additional Illustration included at the
meeti ng was that comparing a point- by-point BET with an equation of motion
BET, as provided in Figure 16.

In light of the success of this JRIAIG meetlng~ the 1st Strategic Aerospace
Division sponsored a meeting on November 26, 1977 at VAFB to compare BET ’s

for Operation 7269, an MM II flight, where somewhat fewer observations were

available from midrange and uprange sensors (Figure 17). Autonet lcs , AVCO ,

Kentron/KMR and Lincoln Lab trajectories were again compared against that

generated by the TAPP program. Position comparison s are provided in Figure

18. Again a point by point versus equations of motion comparisons were
• illustrated using only the data where RADOT and BC coverage was present

as in Figure 19. Reference 12 detaIls the presentati ons from these uncertain-

ties and reference 13 documents details of the FEC solution .

* 
~J~Tht Range Instrumentation Accuracy Improvement Group

** differences from all possible sources.
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BET DEVELOPME NT AT WSMR

Introduction

The development of Best Estimate of I.raiectory (BET) programs at
WSMR began more than ten years ago and these programs have been evolving
in several directions. Extensive use has been made of these BET programs
at WSMR in support of various missil e and aircraft test Drograms . The
impetus for devel opment of a BET program was provided by the SAM-D
(now Patriot) project and also by the navigational satellite test program.
The BET program is still used in support of the Patriot and other missile

• test programs and has been used in support of several navigational satellite
test programs including 62lB , INI and INHI test programs. Other test
programs at WSMR for which the BET has been used to prov i de support are
Nike Hercules , the Navy SM2 and ASMD missile test programs , the Tomahawk
and Air Launched and Cruise Missile (ALCM) test programs . The BET has also
been used in support of the Bi avionics test program , Lance missile test-i nc
and Completely Integrated Reference Instrumentation System (CIRCUS) system tests .

In initial development of a BET one must first decide as to what
the BET must be able to do. A very optimistic but naive person might
want his BET to estimate any parameter even remotely associated wi th a
trajectory. Obviously, to accomplish such a task would require a
prohibitively larg e amount of instrumentation and computer time. More
realisticall y one might group the parameters to be estima ted into three
classifications , those associated with the trajectory or vehicle being
tested , the parameters associated with the instrumentation, and param-
eters associated with the environment. The trajectory parameters
include not only the usual position , velocity , and acceleration param-
eters of the trajectory, but also parameters such as attitude , angular
rates, aerodynamic coefficients , guidance and control , parameters ,

‘ etc. The parameters associated with the instrumentation include
biases , scale factors , survey errors, rnisalignments , etc. Atmospheric
parameters are an example of environmental parameters which one might
want to estimate .

From each of these groupings one chooses a relatively small number
• of parameters which he wants a BET to estimate. The actual parameters

which are estimated on a given test might be a program option depending
on the instrumentation available on the test. The parameters which can
be reliably estimated by a BET are entirely dependent on the type and
geometry of instrumentation available on the test. Unfortunately, the
high cost of instrumenting a trajectory and the relatively few types of
instrumentation available at a range greatly restricts the parameters that

• can be estimated . If one is able to incorporate measurements made on
• 

- 

board the test vehicle obtained either by telemetry or on board recording ,
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the possibilities for parameter estimation are significantly increased .
Thu s, if there is a variation of instrumen tation available from test to
test and also a wide variation in the geometry of the trajectory relative
to the instrumen tation , one would probabl y want to include sufficient
program flexib ility -in terms of options on the parameters to be estimated
to match the variabl e instrumentation . In the early development of a BET
at WSMR there was considerable interest in developing a highly flexible
program that could utilize Patriot telemetry in conjunction with range
instrumentation data to do a relatively complete estimation of aerodyna~iicand control parameters of this system . To develop a BET in this way
would require an extreme amoun t of program flexibility if the program ~-re
to be used for other than Pa triot trajectories. Thus , we deci ded to pur-
sue a more general development of a BET that requ ired much less flexib iLty
and would apply to the wide variety of trajectories flown at WSMR and ~e
able to utilize any available range instrumentation and have a li~ itec
amount of ability to utilize measurements made on board the test vehicle.

We curren tly have two operationa l BET programs at WSMR . The first
of these two programs to he developed was our Kalman -filtering 3ET. This
program has been operationa l sinc e 1971 and has been used extensively in
sup port of WSMR test programs. It is seldomly used at the present
time because we currently favor the use of our other BET program for
reasons which we will discuss. Our second BET program is a nonlinear
least square batch processing type of algorithm which we shall call
MISTE. We began development on the MISTE program about 1973 and it
became operational in 1975. Since mid—1 976 it has been used almost
exclusively for BET support at WSMR .

The intention of this paper is to provide an overview description of
the WSMR BET programs including coordinate systems used , trajectory
rrodels , basic fl ow d i agrams , basic estimation equations , input requi re-
ments , outpu t options , data editing , etc . Our BET methods are under
continuous devel opment. One of the most important aspects of our BET
efforts is continuous improvement. Thus , this paper will also describe
our current directions of efforts at improving our BET programs. Another
important aspect of WSMR BET efforts has been programs which were developed
as derivatives of the BET programs. These developments will also be described .

Cooro l nate Systems

Many differen t coordi nate syst~ ts are used in BET data reduction.
The two most prominent coordinate reference systems in the WSMR BET’s
are the WSCS and the BET systems.

206
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The WSCS coord i nate system has its origin at 33° 05’ latitude ,
106° 20’ W longitude and altitude at sea leveL The x-axis is positive
east, y-axis positive north , and the z-axis positive up. The WSCS system
is the basic cartesian system used at WSMR and all instrument sites ,
launch sites , etc., are referenced to WSCS coordinates .

The trajectory coordinates estimated by the BET program are referenced
to the BET cartesian system . The BET System is the basic coordinate
system of the BET prog ram. The origin of the BET system is at latitude
A B, longitude 

~
1 B’ and altitude HB. The x-axis is positive east , y-ax s

positiv e north , and z-axis positive up. Equivalently the origin of the
BET system may be defined by spec ifying its WSCS coordinates (XB,W~

~~~~ 
zB,W). For a ground launched missile trajectory the most

commonly chosen origin for the BET is the launch point. For an aircraft
trajectory it is common to choose the BET system to be the WSCS system .
The matrix which rotates from the BET system to the WSCS system will be
denoted by MWB. M

~8 
is computed from a knowl edge of the latitudes and

longitudes of the BET and WSCS systems. The specific form of this 3x3
rotation matrix will not be given here but may be found in [21].
The position translation vector from the BET system to the WSCS system
has components (XB,~

, 
~B/w’ 

zB,W) and are the components of the BET
origin in the WSCS system.

Let (
~

, j ’, ~
) be the velocity components in the BET system of the

target reference point wi th respec t to the BET origin. Let the origin
of a trajectory Cartesian system be located at some reference point on the
target. Define the rotation matrix MTB from the BET system to thetrajectory system as

v 
—

0 = M TB (1)

0 i
j

where v = + +
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V~ (2)
G 6

0
V6

= +

The unit oase vector ~ of this trajeccory system is tangent to the
target trajectory. The orientation of the trajectory syseen bOSe
vectors along a trajectory is shown below .

— -
A 

Note tha t the transformation MT_ is singular when V6 O , i . e . ,  when the

trajectory is vertical. In orcer to avoid this singularity we choose a
different trajectory coordinate system for nearly vertical trajectories.

At each range instrumentation site we define a cartesian coordinate
- 

- 
system with origin having the geodetic coordinates (x 1, 

~~
, I-1 ) and with

the x-axis positive east, the y—axis positive north ,
and the z-axis positive up. The rotation matrix from an instrument
coordinate system to the BET system is denoted by MBi and is computed
from the latitud e and longitude of the two origins. The coord i nates
of the origin of an instrument coord i nate system with respect to the BET
system origin , dencted by (x118, ‘i/B’ zi,B)~ 

are computed from
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X j / B  x ,~ [X B/W

= MBW -yi/W 
- 

~
‘B/W (3)

Zi/B Z
j1~,4 

zB,W 
-

where (xj,W~ -“-~iw’ 
z 1,w ) are the coordinates of the origin of the

instrument coord i nate system with respect to the WSCS origin.

The trajectory estimated by the BET program must refer to some
specifi c point on the target . In a single instrumentation system type
of data reduction this target reference point would usuall y be the point
on the target to which the measurement is referenced , e.g., DOVAP antenna ,
radar antenna , painted cross for optics. For a BET with several types of
measurement systems tracking the target it is absolutel y necessary to
translate each measurement to a common point on the target. This point
may be specified by the range user. This point is called the target
reference point and is the origin of the target coord i nate system . For
an elongated target such as a missile or an aircraft the target 1-ax is or
s—axis is parallel to the long axis and positive toward the nose. The
target 2-axi s or w-axis is normal to the s-axis and positive upward. The
3-axis or b-axis compl etes a right handed system.

W ~~~~~

(
~~~~-—---5 /~~

~/

ra-r~ ’t ~re ter e f ~~ nC

Since the target coord i nate system is rigidl y tied to the targets the
orientat ion of this coordinate system is unknown unless there are attitude
or gimbal ang le measurements relating the target orientation to a coor-
dinate system of known orientation. In the absence of such measurements.
it is necessary to assume that the target coordinate systen axes are
parallel to the trajectory coordinate axes previously defined . If gimba l
angle measurements are available, the transformation MBA from the target

~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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coordinate system to the BET system can be computed . The computation of
this transformation is peculiar to the type of inertial measurement unit
(IMU ) being used. If no angle measurements are available , it is necessary
to set MBA Mi~i8. If the coordinotes of a measurement reference point in
the target coord i nate system are (d5, d , db), then the coordinates of this
point in the BET system are

1 j d 5

d = MBA 0w ( L )

L 
j

Measurement Models

Let (x, y, z) be the coord~nates of the tar get reference po i nt i n t~-eBET coordina te system . Al so , let (a - , d - ,  d - )  be the BET coord ina tes
X i

of the measurement reference point on the target (radar antenna , optical
cross, etc .) with respec t to the or~gin of the target coordinate system .

d .  d .

d~1 
= d~~ , (5)

dbi 
-

where MBA is the rotation matrix frum the target coord i nate system to

the BET coordinate system and (c~~, d 2 ,  dbj) are the coordinates of the

measurement reference point in the target coordinate system . Let the
coordinates of the measurement reference point on the target with respec t
to the instrument coordinate system be denoted by (xT,,~

, NT/i’ zT/i ).
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They are given by

XT/j x + d
~ 

- x
~,B

T= MBj y + d
~ 

- 

~
‘i/B (6)

Z
T/j  Z + d2~ 

-

where MBi is the rotation matrix from the local instrument coord i nate
system to the BET coordinate system and (x ,8~ ~

j/B’ zi,B) are the
coordinates in the BET system of instrument origin given by (3).

Radar Measurements

The range , azimuth , and elevation measurements of the FPS-l6 and
MPS-36 radars are ideally modelled as

2 2 2
R = (xT,i + 

~
‘T/i + zT/j ) (7)

A = t a F i 1 ~IL~:
_ (8)

MT/i

E - t 1 
ZT/i (9)- an 

(x~,. +

These are idea l models of the measurements which assume tha t the
systematic errors such as refraction , zero set, collimation , tilt ,
etc. have been removed from the measurements by calibration. Although
the radar measurements have been calibrated and the estimated systematic
errors removed from the data , there is usually a significant amount of
systematic error remaining in the data. Thus , one must use an error
model of the radar measurement and estima te the unknown parameters of
this error model. A fairly comp lete error model for radar measurements is
given by

= r0 + r 1 I~ (10)
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= a0 - a1tanEcosA - a2tanEsinA ~
- a3secE + a~A (11)

= e0 + a 1 sinA — a2cosA + e1E (12)

In the above error model (r , a 3, e0) are zero set error coefficients ,

a 1 and a~ are til t err ors , a~ is a col limation error , and r , a~ , e1
are a combination of timing error and servo lag errors. Other error
terms could also be included in this model. The relative geometry of
the trajector1 and instrumen ta~~on plan will determine which coefficients
in the error ro lel can be rel iabi , esti nct ed. For most trajectories at
WSMR , it is not possibli to estThlaL e more than just the zero set error
coefficients (r0, a , e0). T- -~s si~~at ic - n is acceptable if the otner
error coefficients have - ~n rel iuL- ~y estimated by the premi ssion cali-
bration procedure. For ir .i rv ~~:‘R tr a i- -c tories the relative geometry w il~not even a1low th~ •-nt ~~ot c o~ tno cx ro set coefficients. Some of
tne ri dars avai lo le at ~S’-’~ nave ~nr ~~pab iiity to provide a range ra te
measuremen t. The ideal niorJei for this measurement is

~= 
X~1~

X~~ + 
~T/i~T/~ 

+ 
(13)

No errorsare estimated for range r~~e measuremen ts. However , an
approximation for range rate refraction is removed from the data .

Optical Measur emen ts

The fixed cameras ard cinetheo dolites provide measurements of tne
azimuth and elevation angles of the line of sight froiii the camera
coordinate system orig in to a poin t on the target. The ideal ceasureme nt
models are

A = ta~~ ~~~ (1 4)yT/i

E = ta~
1 

ZT,. 
2(x T,i + 

- (15)

.,
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The above model assume s that systematic components of error have been
reliably estimated by premission calibrations and removed from the da ta
and that the measurements have been corrected for refraction. The pre-
missi on optical calibrations are usually reliable so that it is not
necessary to estimate coefficients in a complete error model . At most
it may be necessary to estimate zero set error coefficients from the
trajectory measurement data .

Dovap Measurements

The Dovap measurement system is a two way CW doppler system which
measures a loop range change or alternatively an average l oop range
rate of a target between consecutive sampling times t~ and t1÷1 .
Al though the Dovap system has been phased out at WSMR , it has been used
extensively in BET reductions at WSMR and well illustrates the use of
doppler measurements in a BET.

Let (XT, 
~T’ 

ZT ) be the coord i nates of the ground transmitter
antenna in the BET coordinate system . Also , let (xR~ ~R’ 

ZR) be the
— coordinates of a ground receiver antenna . Let (dxi~ 

dy1~ d~1
) and

(dxRI dyR~ 
dzR) be the BET coordinates of the Dovap transmitting and

receiving antennas on the target. Let (d 51, d T~ 
dbl) and (d R, d R~ 

dbR )
be the coord i nates of these antennas in the target coord inate system .
Then

dxT dsT

d~1 
= MBA dwT (16)

dbT

xR sR

dyR MBA dwR (17)

dzR dbR

~l3
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The loop range change model for a Dovap receiver measurement is

s(t
~
, t
~+1

) = R1(t.~1 ) + RR (ti÷l ) - RT(ti) - RR(ti ) (18)

where RT(tj) is the range between the ground and target transmitter antennas
at time t~ and RR (ti ) is the range between the ground and target receiver
antennas at time t1.

RR (ti ) = [(x(t j)+dxR (t i
)_x

R
)2+(y(ti )±dyR (ti

)_y
R
)2

(1 9)

R
T(ti)

(20)

The Dova p measurements are correc ted for refraction as described in [21~ .
No other systematic errors are assumed to be present in the Dova p
measuremen ts.

An alternative to the above posit ion type measuremen t model for ~oiopis a velocity type measurement model. If the dovap measurements are
d ivided by (t~÷1 - t1 ), the resul t is an average loop range rate over the
inte rva l (t., t

~÷1
). This aver -toe loop range rate can be used to approxi-

mate the loop range rate at tAVE = (t~+ t.~ 1)/2. The loop range rate model
of the Dovap measurements is

= 

+axT X+d xT~
xT + +

~yT
Y+dyT yT +(i+azT)(Z+dzT zT)

(21 )

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
RR
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In the above model all time varying quantiti es are evaluated at tAVE~The quantities 
~ xR’ ‘~yR ’ 

dzR) and ~ xT’ dyTi dZT) can be appro:-’ima ted
by differencing or differencing and smoothing the quantities defined
in (16) and (17).

LTh-Sl Inertial Measurement Unit

The LTN-51 inertial measurement unit (IMU) is one examp le of an IM U
whose measurements have been used in a WSMR BET . The LTN-51 provides
inertial acceleration measurements from accelerometers mounted on a
4-gimbal stable platform . In addition, the angle read i ngs , which
measure the orientat ion of the target with respect to a coordinate system
established by the platform , are also used in the BET program . In terms
of the tangential , normal and latera l accelerations along the trajectory
the measured accelerations are (approximately)

a1 A1 d1 
- 

b1 1
a2 = MP T  AN + Du d2 - S

~~ ~ 
+ b2 (22)

a3 AL d 3 63 b 3L ,_

where (A..1., AN~ 
AL) are the acceleration components in the trajectory

coord i nate system , (d’, d2, d 3) are constant unknown scale factor errors
which are to be estimated , 

~~ ~ 2’  63) are constant ,
’unknown platform

misalignment errors to be estimated , and (b1, b2, b3) are constant bias
errors to be estimated . The 3x3 matrices M , D , and S are knownP0T u u
quantities depending mainly on the latitude and l ong i tude of the platform ,
the latitude and longitude of the origin of the BET coordinate system ,
and the vel oci ty of the target.

Other ~1easurements

Other types of measurements such as teleme tered acceleration, :ig ie
measuring equ i pment (AME ) measurements which are direction cosines . velocim—
eter , an d laser tracker (R , A , E) measuremen ts have been used at WSMR in the
BET . The laser tracking measurements will probably be more often used in the
future. It is a relatively simple matter to add capability to either of the
BET programs so that they can process additional types of measurements.
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Kalman Filter BET

The Kalman filter assumes a dynamic model of the trajectory in terms
of a state vector x. A model of the systematic measurement error compo-
nents is specified as a function of a bias vector b. Also , a measurement ~ode~is specified as function of the state vector x and the bias vector b. The
state vector x is taken to be a 9-vector of positions , velocities , and
accelerations. The state vector and trajectory model are given by

x l = x x 5
xx y 6

— 

X~X 7 - X~1 X~ X~ + X 5X 9x j — 

V (~ V V

- x x x - x x -x + x x
= = f(x) = ~~~~~~ 

—
~~~~~~~~--~

---- -
~~~~~~

-
~~ (23)

x = x6x~ ÷ x6v + g

7 =2 1 I v o
v

L
where VG = (x~ + x~)

” , v = (v~ + x:Y and AT~ 
AN~ 

AL are the components of
acceleration in the trajectory coordinate system . Thus , we are modelling
the trajectory as a constant acceleration system . We compensate for this
mi smodel l ing by adding an uncerta inty term to the state equation so tha t
we actually assume

~ =f (x ) + w  (24)

where w is a random vector with zero mea n and covariance matrix Q.
Q is a 9x9 ma trix with zero entries except for the 7th , 8th, and 9th
d iagona l entHes which we use to compensate for mismodelling the accel-
eration .
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The Kalman filter provides an optimal estima te of the state
x(tk) of a linear system corrupted by add itive Gaussian noise con-
ditioned on all observations up to time tk~ 

In trajectory estimation
we do not have a l i near system but rather a nonlinear system due to
the nonlinear nature of the trajectory equations and the nonlinear
relationship between the measurements and the state variables .

The Kalman filter equations can be extended to this nonlinear
situation and while the resulting equations and estimates are no
longer optima l , they still provide good estimates which are easily
implemented on the compu ter. The resulting filter , which is called
an extended Kalman filter , is a most popular way of implementing a
recursive estimation procedure for nonlinear systems and has been the
subject for considerable development and evaluation in engineering
litera ture, [1] - [4].

Let x(tk) be the state vector of the trajectory at time tk. The
trajectory dynamics are governed by the nonlinear dynamic equation

= f(x(tk)) + Wk (25)

where f(.) is a known nonlinear function specified in (23) and Wk is a
vector of Gaussian noise with mean zero and covariance ma trix 

~k 
The

ith trajectory observation at time tk is

zl (tk) = hj(x(tk)) + g~(t~)b(t~) + v j(tk) (26)

where h.(.) is a known nonl i near function , v i (tk) is zero mean Gaussian
noise with covariance R.(t ), b(t ) is a constant rn-vector of biases to
be estimated , and gj(tk) is a known lxp matrix. We assume and process
only scalar observations with no loss of generality . We use the decom-
position procedure of B. Friedland [5] - [7] to separate state estimation
from bias estimation.

In the follow i ng we denote by x (k) the estimate at time tk given
all measurements up to time tk and by x(k/k-1) the estimate at time tk
given all measuremen ts up to time tk l ~ 

b(k) is the estimate of the
b i as vec tor g iven measurements up to time tk~

2i7
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Thus , x(k~k— l ) is an estimate predicted from x(k— l ). x(k) is an estimate
obtained assumi ng no biases -ir e present. The estimation equations for
our Kalman fi l ter BET are

At a Time Update

at 2

~(k+l~ k) = ~(~
) + f(x(k)) tk+l + J(~ (k))f(~ (k)) ~+I (27)

— - f-J(x(k)) -
- 

k9x9 ‘~~~

~k+1/k 
= ‘k~~k 

+ .SQ k.t k~l )~ 
+ 5

~k ~k+l

= I + J(
~
(k)L

~
tk+l + J~(~(k)) (29)

In the above is the 9x9 covariance - otrix of ~(k) an d ~k/k-l 
is tne

covar i ance ma tr ix of ~(k/k—l). In obtaining the prediction equation
(27) for x a second order Taylor ser~es integration of (23) was us ~d.The ma trix Ricatti equat i on whi ch governs the evolution of the covar~ancema trix is integrated using a trapezoidal rule to obtain (28).

Zero Bia s Filter at Measu ’emen t Update
_(i) (i—i ) -

~
- I

+ H i Hi /Ri( t
k)) i=1 ,m (30)

(i) (1)
T (i—i) - m=# measurements at t

w(k) = 
~k 

Hj/(R j (tk) 
+ HjPk h )  k(31)

( i )  ( i - i )  (i) i-i )
x(k) = x(k) + w(k) (zl (tk) 

- n i (x(tk )))  
~ 

(32)

1 h 1 (0)
H — Li. I (i—i ) ~ ~(k/k-l)— L~ J x x(tk)

218

4 - -J
—5— — —-—-—-~—. —5- —-

~~~~~~
--- — 5— 5— — —5 -5-- —4---- —— - — -..--— — 5-4—- — --



- -- 

- - — -- - - - ,—,——
~~~~~~;

-—- -—---———
~~

__
~
_______‘___; 

‘5-p 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 

1
Bias Filter at Measurement Update

4 = g~(t~) + H.T. (k) (33)

a
~

(k) = Ri (tk
) + NjPk~~~~HT 

= variance of residual (34)

p (i) (k) = (p (i 1)(k) + 1si/a~
(k)) (35)

1 l ,m

w~
1
~ (k) = p (i~

1)(k) (k)/( (k) + s~P~~~’~(k)s.) (36)

(i—i)
= z

~
(k) - h(x(k)) = residual from zero bias filter (37)

= ~
(i-1) (k) + w~~~(k) (~~( k) - s~(k)b~~~~(k)) (38)

COMBINING MATRIX UPDATE
_(i) -r

T1 (k) = T
~~1 (k )  — w (k) s~(k) i= 1 ,m (39)

OPTIMAL ESTIMATE
(i) (i)x’1 (k ) = x (k ) + T 1 (k)b (k) i=i ,m (40)

The direct implementation of the above Kalman filter equations will
often lead to serious numerical stability problems . This instability ,
called filter divergence in the literature [8] — [10], is primarily
caused by mismode lling of the target dynamics , m ismodel ling of the
measurements , or by errors in the noise statistics used by the filter.
The divergence due to these sources have been successfull y treated by
several methods , most commonly by the add it ion of f i ctic i ous process
noise covarian ce Another contr i bu tor to the filter divergence problem
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is numerical inaccuracies in the filter computations. These
numerical inaccuracies may act in such a way that the filter covariance
matri ces lose thei r positive definite character causing divergence of
the filter. One very effective method of preventing divergence cause d
by n umerical errors is to imp l ement a square root version of the
Kalma n filter equations [5], [6], [11 - [14]. A square root filter
computes a lower triangular square root ma trix L such tha t

T T . -P=LL or such that P=LDL where U is a diagonal matrix and P is a
covar iance matrix. In the square root implementation the square root
matrix is computed and propagated in time rather than the covariance
mat r i > .  All f i l ter c-m ;-~utat ions a- ~- expr es sed in terms of the square
root matrix . Our Kalman f i l ter ~ET is inplemented by using a nu er - c a ~ ly
efficient square m a t  formula-Jon af the Kalman fi l ter equations. 7he
result is a stable f i l ter  that is almost as numericall y efficient as
the basic Kalman filter comp tations but has much more accuracy.

The dimension of the bias vectur b con be quite large sometimes as
lar ge as 40. Themthe computat~on of and computations involving the
bias covariance s~tnix , for each scalar measurem ent and each time point
along the trajectory someti mes presents a great computational burden.

The im plementat i on of the Kalman f i lte r for a BET i s cer tai nly not
diff icult. There are , however , two inrortant features which must be
iisp lemente d in any BET program ~rcI whose successful impl ementation is
a must for good BET performance. These two features are measurement
data editing and adaptive filtering. In our Kalman filter BET ann ir
Other Kalman fi l tering programs a rather simple method of measure-c-nt
ed iting has been used. In this methon an observation whose absolute
predicted residual ,

(i-i) T
— H~~(k) —

is greater tn a r ,

(i— i ) .
~
.

= 
~
1(k j (tk ) H i Pk H~),

where a is a suitable scalar usually in the range 3<a-.z6, is not processed. ‘
1

This is an oversimplification of the measurement editing process which
e~ least in a :iulti-instrunient BET Kalman fi l ter must be considerably
more cau:~— lex . In a Kalman filtering BET the editing must attempt to
an;~er the questions: Did the residual fail the criterion because of a
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jump in bias , because of a sudden change in noise level , or because
of a localized wild data point? How many consecutive times may a
measurement fail the criterion before we decide the failures are not
localized wild data but are caused by a bias jump or noise level jump ?
~hat do we do if we decide a bias or noise jump? Should measurement
noi se covariance be modified when criterion failure occurs? Our
measurement editing technique answers all these questions and while
qu it e successfu l, it consists of severa l ad hoc techniques and special
conditions peculiar to measurement type. A more unified method of
measurement editing would be desirable . We are now working on some
filtering techniques which will be discussed later where measurement
editing is inherent in the fi l ter derivation. Except for some special
condi tions steps in the BET measurement editing are given by the
fol lowing:

(1) If l~1 (k) — g~(k)b(
l_ 1)

(k)l~c 40t~, ~wocess measurement and update

computation of Rj(tk),

- -

(2) If 4~
r< l r . ( k )  - g~ (k) b ‘ ( k ) k 1 2 ~~, do not process measurement , but

update computation of

(3) If ~1 (k) 
— g~(k)b

(1_1)
(kfl>l 2~~, do not process measurement and do

not update computation of R i (tk).

— T - ( ~-~~n the above, ;~ is the variance uf the res idual , r~(k) - g-j (k)b ( K ) .

(4) If con dition in (2) occurs eight consecutive times , decide bias has
changed and reinitialize corresponding zero set bias compo 2nt in bias
filter with old bias estimate plus average of last eight residuals.

(5) If condition (3) occurs four consecutive times , assume i ns trumen t
failure and reinitialize filter to reflect this condition. Measurement
may try to reenter solution.

The second filter feature which is necessary for good performance
is that the filter must be able to change its parameters in order to
adapt to changes in measurement noise, process noise , and errors made
in m i smodel ling dynamics and measurements. Compensation for errors in
mode lling are usuall y made thru p roper se lec ti on of the p rocess
covariance Since the principle source of modelling err r in the

WSMR BET filter is due to the assump tion of constant accel~ rat io ns , we
add process noise only to these acceleration states b~ ch Iusing the
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7th , 8th , and 9th d~cgcrie l elements of the matrix 
~~k 

All other
elements of 

~k 
are zero . We choose the level of these elements

depending upon the level of acceleration (assurninq high levels most
mean a high future rate of change of acceleration) along various no rts
of the trajectory . This is not done automaticall y in our f i l te r , but
is set either by a knowing w a t  acceleration levels are expected for
the miss ion or by running a prel - r u - y f i lter over the trajec tory
data to determine approx~~a tt ~ i:s eleration levels. Toe measu remen t
noise covar iance use-a by crc Ka l sar fi l ter program is computed for
each measurement by applyin g a fudl g memory filter to the scalar
measuremen t residuals. There have been -sony efforts to const-uct
Kalman filter al gor itu~is wnich will c-tc sotica lly adapt to tones .c-ri n -_
targets. However , none of the retnu ds ~;e have seen seem to be satis-factor y for our Ka~~an flU-sr. There are ~one cur rent reser rch ef for ts
in adaptive estimation which offer s s o  promise and we are eaqe y
await ing the results of the res~ o ch .

Batch Pro- ;or BET

Let x(t , ) be a state cec to r  for a t - oj e c t o r y . If we nc -ye only
p osition e~sure mnts avail -able, ,-‘e let x (t ,) be the 3-vector ~ith
components ( x , y, z ) ,  i .e., the BET coordinates of the trajectory .
If in addition to posit ion -- -sn sure c-nt s , we also have range rate
measurements ava ilable, we cc x( t k ) be a 6-vector wi th co nro nents
(x, y, z, ~~~, ~~~

, 
~~
). The batch uroce~sor , wh i ch we ca l l ~-1i~~T ,

combines meas~4r e ents from radars , fixed cameras , cinetheonJites , and
laser tr -Ic~ - -:-. to estimate t~~ state vector x(tk) of the tar get.
Atti~~nr neasurements iflO~~~ c-iso be u5t~d in the batch processor to relate
each measur e ent no the common tar let reference point. Batch processor
in this case mea n s that measurements for the entire trajectory are
processed simultane ous l y r cc-er tn-: n sequentially ~ tine . I- c -  o a t a - n
an estima te x (tk 

s I t aI esosl~ ror each tk along tne trajectory and

also obtain est ir -dtes ct tne ;1~usu~ eIsc- , t bias terms . Acceleration
states or velocity and acceleration states of the trajectory are obtained
by running an adaptive -~ riable lag s oother over the raw trajectory
estcsatc-s obtained from the notch oroce;- ;or.

T ne rc - are sor e -s - lvantages to toe batch processor for mulation of the
BET . Since no tr ajec tor y model is assumed by the batch processor , there
are no errors in the posit ion est i atci e or in the measurement bias
estimates induced by trajectory mis m ode lling . The influence of mismode lling
er ors on posi tion and bias estimates are very s igni f icant in the Kalm an
f i l te r  BET . We a lso have found that toe batch processor BET is conside rably
more efficient in terms of compute r t ime than the Ka l man filter BET.
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Let the scalar measuremen t model be as before , i.e.,

zi (tk) = hj (x (t k)) + g~ (k)b + v( t k ) (41)

Assume we have measurements along the trajector y at times t k~ k=l , 2,-—— ,n
and for 1=1 ,2,—— — ,m. Again let Ri (tk) be the variance of v(t). Then the

batch processor estimates the p—vector b and the state vector x(tk) so that

i~ l k~l Rj Ctk) 
(z i (tk

) - h j(x(tk) - g~(k)b)
2 

(42)

is m inimized . Since we have a nonlinear estimation prob leni due to the
nonlinear relation (41) between the measurements and trajectory stat e.
we w i ll be require d to li nearize the estima ti on at some sta ge of the
derivation. It is most convenient to linearize in (42) n~w no as to
obtain the common Gauss—Newton iterat ion sequence. Let

k=l , 2,---- ,n be a guess trajectory . We will discuss the sources of
this guess later . Also , let Ix(t k) = x(tk

) — x
~
(tk) and

&h.(x(t ))
H.(k) = 1 k
1 ax(tk ) x°(tk)

Then instead of minimizing (42) we will minimi ze

i~ l k~l Rj (tk) 
(r
~
(t k) - H i (k)6x(t k) 

- g~(k)b)
2
, (43)

where r.(tk) 
= z

~
(t k ) — h(x

~
(tk)). We proceed in the usual way by

differenti ating (43) with respect to ox(tk) an d b and man ipu la tinq. This

procedure leads to the set of normal equations ,
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A 1 0 0 0 A i n~t 1  ox ( t 1 ) y ( l)

O A 2 0 A2,~÷1 óx(t2) ~‘(2)

0 A 3 43 ,n+l ox (-t 3 ) y (3 )

0 (44)

0 
-

O 0 0 An I
c-~~~~ ~x(t ) y(n)

I T -- -

1 ,n+i A 2 ,n+1 A3 ~~ ~n . - 1 A0÷1 y(n+ I )

- I L  I
where

A k = 
~~

H
~
(k)Hi (k)/R.(tk) (4~ )

A k n+ 1 
= 

~~~ ~~~~~~~~~~~~

A~~l = 

i~l k~i
u u i K  (4~ )

= L f
~~

(k ) r . ( t k )/ ;
~
.(t k ) (48)

m n
y(n+l ) = ~ g . (k ) r . ( t ~ )/ R.( t~ ) (49)

i=l k=l 1 1 1

.,
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The matrices Ak are either 3x3 are 6x6, Ak,n+l are 3~qs 
or 6xp

depending on the dimension of the state vector x(tk). [he vectors
y(k) are either 3—vectors or 6-vectors. y(n+l) is p-vector and

is pxp .

Al though (44) may be of very large dimension due to the large number of
trajectory time points tk~ 

the simple structure of (44) allows a simple
decompos ition which leads to a simple solution . Let L be a block l ower
triangular matrix and let U be a block upper triangular matrix. Then we
can find an L and U such that the coefficient matrix A in (44) can be
written as A = LU. Equating corresponding blocks of A with those
of the LU product gives

L =  

:1 
A 2 

0 
(50)

0 0 An

l,n+l 2 ,n+l n ,n+l

I 0 0 p 1
I p2

U =  (51)

Pn
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where

= Ak Ak fl÷1 (52)

Q = A~+~ 
- 

k~l k ,n+1 k

The solution of (44) leads to the so lution of simple set of equations vrh ich
reduces to

Ak~~
(tk) 

= y( i )  i=l ,n (54)

Qb = y (n+l) - 
k~l 

A
~~n+i ~~

(t k) (55)

A k6x (t k ) = 

~ 

H~(k)(r1
(k ) - g

~
(k)b)/Rj(tk) (56)

Covariance estimates of ox(t
k

) and b are also easily computed. Tne

above linear least squares min imization is repeated with x
~
(tk)

rep laced w ith x
~

(t k) + ox( t k ) unt i l convergen ce. The batch processor
is incorporated into a BET as shown by the followin g fl ow diagram.

1

226

—- -—-5-.— -
-~~~ -— ~~

- —
~~~~~~ 

5-



__________ 
- 

_

MERGE PROGRAM

L Time merge measurements from all Instruments

{ PREPROCESSOR

Delete wild data points and catastrophically biased measurements. -

Compute measurement noise variances and guess trajectory .

BATCH PROCESSOR
Usin g all measurements compute improved trajectory state estimate
and measurement biases.

ADAPTIVE, VARIABLE LAG SMOOTHER

Compute smoothed posit ion , ve locity , and
Lacceleration states of trajectory

OUTPUT PROGRAM
Compute quantit ies desired by Range user
which are derivable from position , velocity ,
acceleration , and air weather .
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As shown in the flo~a iia~r~ s a nrenrocessor is used for data
edi t i ng in the batch processor bET. The preprocessor fits a curve
to each measurement sequence , dele tes noints which are too far frrir the
fi tte d curve , and computes the variance of the differences uc- t~ eer the
measuremen ts and curve fit to use as a processing variance in the batch
processor. The preprocessor also provid es a guess trajectory to toe
batch processor and interpolates measurements to a corinon set of t i r E s
if the measurements are not synchronized. T he Ileasurern ents need to be
synchroniz ed in the batch processor in order that each type of -m- - -s u r - -
men t ha ve an influence on the bi o s estimate obtained for anr~ -ser ty pe
of meas u rement. Thus , for exam p le , if one radar measurements were
processed at a differen t set of tim es then op t ical mea sureme nts , tne
op tica l measurements would not have any influence on the det €-rr ;i notion
of the radar bia s estimates and vice ver a. It is the biases chat
furnish a tie bet.-ieen times in the batch processor. It is obvio us
from the structure of the batch proces~~r equations gi -ie r in (-4) and
(46) that if n-a have no bias ter~:ss to astir-ate then the (n+i)st ro and
column of blocks in ( 4 )  wi l l  be Ze~’CI so that the ba tch processor
reduces to an n(k)—station solution at each time point with n(k) is
the nu;sbe r of instruments at tk.

At each tk a point x0(t
k) along the guess trajectory is computed

ny the preprocessor . If nk, °k1 2, L ptics stations are ~v oiic - b l e at

tk~ 
x 0(t

k) is an nk-s tation optical solution. If nk< 2, x
c(t

k) is
computed from ra da rs s uch that each component of pos iti on of
x °(tk) is toe anian of the corresponding components of the indivic ial
radar cartesian position. if any measurements considered for the -; ~essare too far froI l the g uess pos i t i on solu t ion , these measuremen ts are
temporarily removed from consid era t ion and the guess trajectory
solution reiseated. if ve loc i t i es  are also be ing estimated sy the
ba ta:- processor , a guess so lu t io n for the veloc ity co mpo nents i s
computed using the range rate measurements and the cartesian ruess
position .

Since the batch processor produces only a trajectory position
solution or a position and velocity solution , an addi ti onal estimator
is required to produce the derivative states for the trajectory . The
estimator used is an adaptive , optima r variable lag smoother which
uses the raw batch processor state estimates to obtain smoothed

estimates (x 5, ,~~~~~
) ,  (y5, ,

~~~~~
) , (z5, ,‘

~~~
). The smoothe d

estimates are obtained independently for each coordinate direction.

228

- 

- 

-

--  - - - --5 ---
~~~~~~~~~~

—- - - -
~~~~~

--—-
~~~~~ 

-5



- - 

U ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - :~~~~=_~:~:-- 
--5—• — ~~~~~~~~~~~~~~~~~~~~~~ 

-

Let s(tk) , a 3-vector , represent any of three coordinates of
the trajectory , i.e., s= (x, L’~) or s= (y, ‘,~~‘) or s= (z, ~~~~
Assume that s(tk) obeys the discrete state equation ,

s(tk+1 ) = 
~
(A)s(tk) + y (ti)u. (57)

It is assumed that measurements of s(tk) are equally spaced in time with
tk÷l~ 

tk 
= ~ , the measurements being a position coordinate or position and

velocity coordinate from the batch processor state estimate . Assuming
constant accelerat ion the state transition matrix is

1 A A 2/2
= 0 1 ~ (58 )

0 0 1

In (57) u is an unknown constant sca l ar forcing funct i on . -y(a) is the
vector

T
(A) = [A A 2!2 A 3!6] (59)

In order to avoid complexity of notation , we consider the smoothe r
equations when the batch processor is estimating onl y a 3-vector of
pos i tion so that a position is the only measurement inpu t ~o the
smoother . Let s(k) be the smoothed estimate at time tk jiven

measurements m(t1 ), m (t2),
__ - ,m(tk÷ ) . T hus , the s; oother lagsnk -

by nk data points where nk is variable . Let ~(k/k) be the opti al

es timate at time tk given measuremen ts t1, ~~~~~ tk~ 
i.e., ‘ e filtered

estima te. Then

Ptk) = P’(k/k) + [ 
~~ 

~
T ( i A)H T H . ( j A ) ] / R ( k )  ( 60)

s(k) = ~(k/k) + P(k)[ I(i A)HI((t )H : (i~ )5(k 1k))~~~/h(~~~~) (61)

- - 
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U = [1 0 0 ], R(k) measurement noise variance

s(k+l/k) = 
~~(A )s ( k ! k )  ( 62 )

P(k÷l/k) = ~(A)P(k!k)~
T(A) + q(k) -  (4)1T(4) (63)

P’(k÷l/k+1) p
~ (k÷1/k)÷H

TH/R(k) (64)

~(k+l /k+l ) = s(k+ l / k )  + P (k+i/r+i)HT~m(k+1)~Hs(k+l /k))/R(k) (~~
-
~ )

Equations (60) — (65) are rot rop ler ente d directly. instea n , these
equations are imol e enumi in a matrix square, roo t formulat i on ~norder to ensure smoother and filte r stability . As in the matrix
square root formulation of the Kai ritan filter BET all c~var iancematrices , P(k), P(k+l/k), and P(k/k) are written as LL 1 o r LDLT
where L is lower triangular and 0 is diagbna l . The filtering arrr
smooth ing equat ions (60) — (65) are then expressed in terms of L
and D and a covari ar-:e is only conpated in order to outpu t error
estimates .

The smoother adapts to chanyins. conditions by computing °~
( )  from

fi l ter res iduals and estimating q(k) f rom the forward residual stack ,

r(k÷l) = m (-tk+ l) - H~ (l A)s(k/k), l=l ,n. The lag nk in (60) and (61 )

i s less than the f ixe d integer n and is a func ti on of q(k); O<n~.n

with equality nk 0 tor sna il q(k) and nk n for lar ge q(k).

~~~j~ al instru mentation PIan r -ti ng

The relat ive geometry of a trajectory and an instrumentation plan
(IP) determines the quality of output of a BET. It is natural then
for someone who is producing BET ’s to be concerned with the geometry
of the ins trure ntation plan used on a miss ion. It is also a natural
extens ion of a BET program to develop a program to compute an optimal
i nstrumenta t i on p lan . Thus , as a deriva tive of our batch processor
BET we have developed opti mal i ns trumentat i on planning progra ms for
DOVAP , cines , and radar. The algorithm for optimal instrumentation

~~~~ plann inç will be briefly descr ibed for the radar case. The basic
al gorithm also applies to cines and Dovap wi th modifications which
wi l l  be mentioned .
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Given a set of n time points t~ which entirel y span a nom inal flight

path specified by a range user and the corresponding position vectors
i= l , n , to the flight path a set of M exjstjnq radar sites is

selected which mini mizes

C
M 

= 

~ 

Wit cov(~ 1 )

The quantity CM may be interpreted as the weighted sum of error
estimates which would resul t if radar measurements from the M radars
were processed by the batch processor BET program . The w~ are a set of1
weights used to attach more importance to some trajectory points than
to others . Cov(x1) are the 3x3 covariance matrices of the errors in the
estima tes of the position vectors x.~.

The effect of changing the number of radar s i tes M to be use d in
ins trumenting the flight path is easily computed using the optima l
site selection program . Using a minimum number of sites M1 and a
maxim um number os sites M2, the select i on program sequenti ally obtains
the optima l IP for M1 sites , 11 +1 sites ,——- , M2 sites so tha t the
effect of additional sites on the error estima tes can be readily
determined . Besides the relative geometry of the radars and flight
path , the selection program also considers past radar performance
statistics in the form of measurement noise variances .

Rather than pursuing a global minimum of CM which would require
the solution of a very large combina torial programming problem , a
local minimum of CM is achieved through the use of an IP improvement
algor i thm . The following sequence of steps are execu ted in the IP
improvement algorithm .

a. Starting with an initial IP having M arbitrary radar sites
construct a modifi ed IP having M+l sites by adding the site from

— among all remai ning radar sites which results in the smallest
val ue of CM+l .
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b. Delete the radar sitc fr om the modif ied IP whi co results in
the smallest value of CM .

c. Repeat steps a and b until no further decrease in toe value of
CM in step b can be achieved .

The algorithm ‘~-~Ml term inate when the rada r added in step a is tee
same radar deletcu in step b. Toe w i nhu : : of CM achi - vei in ster b is
local in the sense that it is aep e-de nt on the arbitrary initi a l lb
wi th whi :n the algori tn i st~rtcd . The exis ting sites fran wh icn t r e
radars in the IP are selected : U S C  satis y some basic constraints. For
a radar to be considered for selectio n t a  elevation ang les cannot be
too small or too large over a la~~c~ pLJo ti Jn of the trajectory .

Opt imal i ns ~ru ~t i on plann i n j -- -y rairs nave also been w~ t car
for DOVAP and cinetheodolite. Tee ~~~

- ~ instrumentation or ann i ng
program was the first develose and was used for all J3VAP ~?sfor some t h e  before JOVAP was pouter out at ~S~1- -~. The use of this
instrumentation planning a lqorit hro res-Jted in an a v e r o  -e of 2~ .
saving in the number of DOVAP receive r s i tes ragui red to achieve a
given quali ty of trajecto ry data . The application of this algorithm to
cine instru Fnentdrm -nri planning is considerably inure diff i cult. The
dif f icul ty does not occu r in the app li cat i on of the ~P improvement
algorith m but in imp l ement ing the severa l constraints which i nu t t  be
net before a cine site can be considerec for incl u sion in an IP.
Constrai nts which must be satisfied ~or eac h c i ne s ite cons i de red are:
rrii ni rur image size readable on f~ lr , ma x imum trackin g ra tes , son
an gle, and fli a n t safety evacuat ion area. Development of these optimal
IP programs are described in [22] — [25].

Di rec ti ons of BET Deve lo m’ en t_ at WSMi~

The develo~~Ie;~ of i~LT tecenj~ ues at WSMR is continual. As
aentio ried prev iously measurement data editing and adapt ive f i l ter ing
are tar tfficult features of 1 ~ET 0 -ogram w hich must be successful ly
inpie e anced to in s-~re good JET p:odo ~ :once.

~e have bee very ac t ive  at ~~~ in the development of robust
estiu~ tion methods and their a3-~licotion to several measuremen t editing
problems i n data reduction , [15j - ~l8]. We have been highly successful
in these app li cat io ns of rocust estimation to measurement editing [15].
We nave appl ied these methods to the preprocessor in the ~1 ISTE prog ram ,
Co instru ment calibration problems , the N-station Davis solution , and are
curren tly develop ing some robust filtering methods .
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Before describing the application of robust estimation methods we
need to answer : What are robust estimation methods and how do they
apply to data editing? In answer to the first part of the question
we can briefly describe robust statistica l methods as those which
perform well under a wide variety of underl ying probability density
functions of the measurements or in the presence of measurements fran
contaminating distr ibut ions. In answer to the second part of the
question~we are probably not very concerned about the oerforrnance of
data reduction procedures under a wide variety of underlying distr ibution
functions for the measurements 7 but are mainly concerned about the per-
formance of our methods in the presence of observations from contaminating
distributions , i.e., outliers or wild data points. In data reduction we are
usual ly interested in estimating the parameters in some postulated linear or
nonlinear model of a process. Thus , in data reduction we are specifically
interested in developing methods for linear and nonlinear regression which
are insensitive to a large percen tage of outlying observations. The usual
methods of least squares , weighted least squares , maximum likelihood , etc ,
used in data reduction for estimating parameters in a model become useless
in the presence of outliers . To quote Huber [19], even a single grossly
outlying observation may spoil the least squares estima te and moreover
outliers are much harder to spot in the regression case than in the
Simple location case.

The most popular and most developed of the robust methods for
use in parameter estimation problems are the M-estimates of Huber. Given
the linear mode l

= 

j=l ~~~ 
+ e. i=l ,n (66)

where are unknown parameters to be estimated . The M—esti niates of

minimize

(~~~

-
_
~

xij
~

- j ~ , (67)
i=l 

I

~-ihere p(.) is some suit able function and s is a measure of dispersion of
the residuals. Rather than specifying the function -

- 
, n-estimate s are

usually specified in term s of their ~ function which is the der ivat ive of
Severa l ~ functions have been proposed in the liter ature [15], b~t

we will only consider a ~ function proposed by Hampel [20~. This ~ is
given by
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x

a sgn (x) a~~x~<b

= a b~~~<c ( f e )

0

A graph ica l representation of t r is  function is g iven below

~

in or der to minimize (67 ) we d~~dc nt ia te  w i t  resoec t to a , ;her-e0 is a p-vector , e T = [o
~
, e

2-
__

3 . Th is gives

1 

~~ 

/y. - x.o\

~ 
X l . (

\

__]
~
_
~ 

1~~ = 0 (69)
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where ~ is the M-estimate of 0 and x .~ = col(x .1, x .2,--- , x~~).

(69) is the analog of the normal equations in least squares
estimation . Specifically, if ~(x) i s linear for a l l x , we have a
least square estimation process. (69) can be rewritten as

~~ 
w ) x ~(y~ 

- x 10) = 0 (70)

where 
~ (y._ - xjo) 

- 

-

w .(O) = S (71)
1 

(
~i~~~x~0)

(70) is solved iteratively as follows. Starting at an arbitrary point

0(k) of the iteration sequence , we replace (70) by

~ 
w.(~~~~)x~(y. - x~~~~~~) = 0 - (7 2)

~(k÷l)Solving (72) for e gives

= (
~ 

w~~~~~)x~x~
)

’ 

j~l ~~~~~~~~ 
(73)

(73) is just a weighted least squares solut ion. Thus, we apply a weighted
least squares al gorithm iterativel y to obtain an M-est imate. Examining
(71) we see that for large residuals , y~ 

— x 1 0>’-s , the weig ht W I goes to

zero . Thus , large residuals are weighted out of this M-esti rrate solution.
The robust disper sion measure s which is used is the MAD (Median of the
Absolute Deviations) estimate given by

s = edian
~
r
~ /.

6745 (74)
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where r
~ 

= y. - x 10 , Hampel has show n that the MAD estimate is the
most robust measure of dispersion. The above method for compu-
ting an M-est i ate is iterative and therefore requires a starting
solution to be specified . The required closeness of the starting
solution to the final solution depends on the app lication and the type
of function use i . Often an ordinary least squares solution provides
a sufficiently good start inc solution. In some cases it is necessd 7
to use a starting solution which is more robust , see [l6~ .

The application of robust esti atior in the BET preprocesso r
provided our ori g in a l motivation fur’ the development and application
of robust methods ~n data red uct ion.  In the preprocessor r-;e lav a
the ti e nistory or each easu~~- ant :rr ~tion for its entire span cit
observat ion on a trajectory . Tne p r- n- -ressor divides tnis i jcer ai
of observation i t o  equal seq r~ets at seconds except for a f i ra l
segmen t ei su er longer or shorter t r - a n  7 . Over each of these scm ar ts
a polynomia l , usual ly  a nuad rat ic , is fi t to the measurer nent u . Alter-
nativel y, a cubic sp li ne miq h s a fi t to the entire span of measure -ant
data using the end points of the T ssc:~d segments as knot times . Using

— an M— e sti r ja t io n procedu re we estimate the parameters of the col yno jial
and delete those points which are given zero wei ghts in the M-catimate
process or whose residuals are greater than k-s where k is a s~itabic-
constant. The processin g variance is computed as the average square d
error of the remaining residua ls. Tee following data set is fru a
real preprocessor application. The data are a sequence of azim uth
measurements from a c-m e.

Res idu als from Residua ls from
Observations Rc ust ~T 5 Least dcu ~~~-s

—1.70987 .000012 - .l 5777~
—1 .70942 — .300 004 — .GG o20 4
-1.70893 .000003 .105430
-1.70345 - .00 015 .159227
-1.70793 - .000010 .161037
-1.70741 — .000021 .111 021
-1.70682 .000022 .009099
-1.70625 .000019 - .144780
-1. 7057 1 - .0000 10 - .350595
-1.705 10 .000335 -- .608277
- 1.70449 - .000004 - .917885
1.43777 3.141637 1.862231
1.44602 3.149243 1.456410

-1.70257 -.000007 -2.158177
1.44667 3.146558 .473139
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The residuals from the robust fit which were obtained using a
Hainpel , w ith breakpoints (2.5, 5.0, 7.5) s how exac tly which points
are outliers . The least square residuals provide no infon cation
about the outliers .

Another app lication in BET processing in which we have successfully
used M-estimates is in calibration. For example, a reasonable erro r
model for a lase r tracker i s

= 8 1 + 0~ R
5
.

:A . = 0 3 0 4 tanE 5~cosA 5~ — 05tanE 5~s i nA 5~ 
- 06/cos E~~

= 8 7 + e4sinA . — 05cosA5~

where R5~ . A5 ., E5 . are the surveyed range , azimuth , and elevation of

the Jth target calibration target. We have multiple range , azimuth , and

elevation observations , denoted by R. . , A.., E. . , i=l , N., j= l , m , for
13 i j  iJ a

each of the N calibration targets , then = ~~ 
— R5~ ~~ 

= 
~~ 

-

and E 1 . = E 1. - E5~ . The unknown parameters j=l ,7 are to be estima ted.

The following example illustrates the application of M-estimates to the
calibration of a laser tracker. There were approximatel y 250 observations
for each calibration target. The estimation used e Hampel function with
breakpoints (2.5, 5.0, 7.5). The results of this calibration are summarized
in the table on the following page by tabulating the nu ber of residuals
for each target ly ing in each of the four regions of the Hampel .- . We only
show the positive side of the Hampel with the number of residuals in
each region being the sum of the nu -nber s of residuals in the positive and
corresponding negative side of the function. Targets 13-20 are dumped
readings of the first eight targets . From the table it can be seen that
most of the readings from severa l target boards are outliers , particularly
for the dumped readings. A least squares estimation of the calibrat ion
parameters failed miserably on this examp le. Althoug h this example is
ex treme for this app lication , having abou t 22% contamination by outliers ,
it well illustrates the powe r of the NI-estimate method in dealing with
outliers .
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The robust M-estimates of Kuber can also be developed to appl y
to recursive filtering . The development of these ideas for filte ring
are described in £18] and [26]. Let x (tk) be the state vector ofa linear dynamic model

x(tk+l ) = 
~
(k)x(tk) + w( k ) 

(75)

where ~(k) is the state transition matrix and w(k) is an n-vector of
zero mean Gaussian noise wi th covariance Q(k). Let scalar measurements

z(tk) = H x(tk) + v(k) (76)

be available where v(k) is a random error term which may be contaminated
by outliers . A robust, pseudo -maximum likelihood fi l ter for the case is
given by the equations

x(k+l /k+l) = ~(k+l/k) + 
(z(tk+l ) 

- Hx(k+1/k+l)\

5k+1 5k+l /

~k+l ~k÷1/k 
- (
~

‘ ~~(t k+l ) - H
~
(k+l/k)) 

/s~+l)
Pk+l /kH

THP k+l/~
78

where ~~~
‘ is the derivative of -

~ and 
~k+l/k 

= 

~~~ 
+

x(k+1 /k) = ~x(k/k) (79)

an d we use a ro bust measure of dispersion ob tained fro m the res i duals

H S~~~1 
mediafl

~
zk+l . - Hx(k+l-j/k-j)f /.6745 (80)
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(77) is nonlinear in x (k+1/k+l) and is iterated till convergence .
We are testing this robust filtering scheme on simulated and real
data to determine its ability to filter measurement data with large
amounts of contamination by outliers. We are also working at
extending the above i deas to smoothing.
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RIDGE REGRESSION W ITH UNDERSPECIFIED MODELS

1 .0 I NTRODUCTION

Well known to analysts associated with regression studies are

the problems related to ill—conditioned matrices — problems

lend i ng to loss of precision , grossly inaccurate (inflated)

estimates of the parameter s and gross underestimates of the er-

rors in the estimates . Inflated estiaates are those which depart

unrealistically (‘ 3 aigmas) from a priori estimates . The

au thors have analyzed four hundred experiments with real and

simulated data to de termine the circumstances associated with

Inf lated estimates . The results of the study may be summarized

briefly and qualitatively .

For purposes of discussion it is convenient to consider two

gener al classes of problems . Class A is defined by the presence

of a relatively small quantity of measurements accompanied by

somewhat large random errors and high correlation among the

errors in the adjusted parameters . Class B encompasses a broad

family of regression problems (notably orbit determination )

wherein the adjustment exercise has available an enormous re—

dundancy of measurements ; the random errors in the measurements

are relatively unimportant; and the errors in the estimates are

highly correlated. Difficultie s with computational precision

wer c excluded from this investigation . Perhaps the two mos t

practical types of regression models are correctly specified and

unc1.~rspecified. Underspec ification may , for example , resul t
from defic ient knowledge or in some cases from limitations in a

~ovu~-uter program . With correctly specified models and Class A

p ro bletu e , some degree of inflation was observed occasionally,

nn d  the occurrence depended largely upon the vagaries of the

r n n - P ’ m  (rrorq In the measurements . We were unable to induce or
(IU(~~ver I nf l ated estimates when correctly specified models were
appl i ed to C las s B problem .. Inflation could be i nduced at will

~n bot h  (lass A and Class B problems with underspeci fied models .
A c’niunon s i tuation resulting in rather dramatic inflation is
clia r n c te r i zo d by the triple correlation : two highly correlated

-5- - - —~~~~~~~~~—- - - --
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p arameters in the specified model and a third parameter (missing

from the model) whose errors correlate with those of the other

two . In the triple correlation a small error in the unmodeled

parameter m a y  be magnified many times into errors in the

ordinary-least—squa res estimates of both the modeled parameters .

Our premise regarding ill—conditioned normal matrices tends to

preclude consideration of the simple one—to—one or double cor—

relation betwee n the error in an u nmodeled par ameter and the

error in a modeled parameter , because this type of correlation

is only accidentall y associated with ill—conditioned mat rices ;

however , it may be noted In passing that in this circumstance

the error in the esti-aate is at mno~ t comparable in size to the

unmode led error , and i f  the estimate is “inflated ” , then the un—

modeled error is so large as to be genera lly de tected and removed

or else modeled. In any case , the simple one— to—one correlation

between a modeled error and an urunode led error results in an

ordinary—lea st—squares estimate which is relatively unchanged by

subsequent ridge regression .

One of the most fruitful approaches to the problem of inflated

estimates was developed by Hoerl and Kennard (6] [1] and labeled

by them “ridge regression .” Hoerl and Kennard po i nt out an im-

portant defic iency in ordinary —least—s quares , point—estima tion

procedure : In the case of high correlation among the errors in

the parameter estimates , there may be a gross inflation of the

adjustment vector in order to achieve a final minuscular reduc-

t i on ~n the sum of squares of the residuals . The Hoerl—Kennard

(UK) estim a tion process is inherent ly Bayesian in nature . It

a’-~~~~mCs v~~pOCted values of zero for the adjustable parameters

a n d  tcnds to constrain the adjusted values as close as possible
o Zero withou t unduly enlarging the measurement residuals . The

IlK csti m a tor is biased but offers potential reduction in mean

— ~,qtmni- .~ error . The mathematics supporting the HK estimator is
t)nsed upon a known fixed regression model and classical un—

~et gh ted least squares . The HK estimator is not compati Lle with
standard Bayesian minimum variance regression programs such as

~ 6
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thoev associated with orbit determ ination . In this paper we

(Icveloj) and discuss the properties of an unbiased ridge estimator - -

w i t h  application to problems where the regression model is under-

specified . The resulting estimator is readily compatible with

standard Bayesian minimum variance regression computer progran’s.

For purposes of comparison it will be helpful to discuss the

standard estimator .

2 .0 STANDARD BAYESiAN MINIMUM VARIANCE ESTI MATOR

We nSRUSC the standard linear approximation to the general non-

linear multiple regression problem :

Y X ~ + (2.1)

where Y is (nxl) and denotes the measu rement vector ; X is (nxj)

and of rank j and represents the partial derivative matrix of

nonstochastic elements relating the mean values of the measure—

ments to the adjusted parameter s ; ~ is (jxl) and designates the

trw’ fixed but unknown parameter vector ; Em 
Is (n.xl) and con-

st il mi tes the measurement error vector . We assume E(Em ) is zero
and E (E € ’) VAR(E m) = where E is (nxn) and known .

in addition , we have prior information consisting of a k element

parameter vector 13
~ 

which unbiasedly estimates R~ and a H element

parameter error vector E~~. ~~ 
is known from introspection or from

Previou s i ndependent measurements . Therefore

R~ + 
~ 

(2.2)

w horo H , originally suggested by Thie l [16), is (kxj) of rank k

and c o n s i s t s  of known nonstochastic elements. If , for examp le,

U - ~i Oj , wher e I is a (kxk ) uni t matrix and 0 is a

(k ,c (i—k) ) zero matrix , then 
~~ 

represents estimates of the

~~ elements of p . Equation (2.2) assumes Is random and

hem -c je i r c . , ’n t s a departure from the Bayesian approach , which

a H s I I t n P~ a pr i or distribution on ~~ , here considered fixed . in

ad d i t i ’~~, E (~~ ) is zero and E(€~ ~~
‘) ~ VAR(€~,) = E , where is
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( k x k )  and known . Furthermore , we assume cOy 
~~m ’ ~~) is zero.

In order to include the prior information In the estimation of ~3 ,

we com bine equations (2.1) and (2.2) as follows :

1 [
~~ Hm 11 = + I ; (2 .3)

~
j [ R ,

or in an obviou s change o r notat ion

Y = X P + (2.4)

where

in

VAR(c )  = I

The pr i or infor mation has thus assume d the role of measurements.
Applying genera lized least squares to (2 . 4 ) ,  we obtain the
fol low ing relation for the es t i m ator  ~ of the parameter v ector p:

— (x ’  c~~ x )~~~ (x ’ y) . (2 .5)

Thi’~ converts by simple substitution to

(X’ 
~~~~ 

X + R ’ ~~~~ R) 1 (X ’ 
~ n Y + R ’ ~~) (2.6)

or in sri obviou s change in notation

= P (X ’ 
~mn Y + R ’ t~~

1 fl-0) • (2.7)

i~pp Iication of the expe ctation operator to Equation (2.6) gives
E ( ~~) ~~, and hence f~ is an unb iased estimator . Application of
th e law of covariance propagati on gives

2/t fl

.



-5 --—~~
-— -- -V - - — —

V A R U 3) P . (2 .S)

For computational conveni ence , Equation (2.7) may be line arized

to obtain the following Iterative form :

- P [x ’ Em ’ (tiY ) + R ’ E 1 

~~ (2.9)

wh ere  ~ 3 is the vector of corrections to the current estimates

of the adjusted parameters ; AY Is the vector of measurement

residuals; and is the vector of differences between current

and a priori estimates of the parameters . It can be show n that

is the best linear unbiased estimate in the sense that it has

the smallest variance . Also , if the measurement errors are

normally distributed , then ~ has minimum var iance among al l un-
biased estimates. Equation (2.9) is widely used in orbit

doterm in~ tIon programs and elsewhere ,

3 .0 RIDG E ESTIMA TOR

Highly correlated errors in the parameter estimates result in

poor conditioning of the (X ’ Zm
’ X + II’ R) matrix in

Equation (2.6). The poorer the condition of this matrix , the

greater the expected discrepancy between ~ and the true vector

On the other hand , the worse the conditioning , the less is

the sensitivity of the residual sum of squares to small de—

partures from ~~~. Following the concept of Hoeri and Kennard , we
• Impose an accessory condition upon the least—squares criterion ,

thereby restraining the vector (f~ — ~3~) without greatly in-

fluencing the residual sum of square..

- Let R be any estimate of the vector ~~~. Then the sum of squares

ol  the weighted measurement residuals is given by (Y — XB) ‘

- XB ). Using Lagrang i an constraints , we minimize

— (B—~i0) ’ E~~
1 (B— s) + (1/h) [(Y — XB)’ I~~ (Y — XB) — (3.1)

- ‘ . h e g t  (i/h ,, is the multiplier and ~ is the to tal sum of squar es. 
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We obtain , t here t ore,

U -~~L 1 (B— ,~ ) — (i/h) (Y — Xli) . (3 . 2 )
0

This r educes to

—1 —l
— -~~~~~ X ’ ! K + (~.+l) R

’ E
in p

~ X ’ Y + (h + l )  R ’ ; ~ 0 (3.3)

or in an obv i ous change of ~~~~~~~~~~~~

= Q X ’ y + (h+l) R ’ :,~~~~
L 

~
,] ; h > 0 • (3 .4)

Application of the ex; ect a t i o n ope~ :-~tor to Equation (3.3) gives

i•: (~ *) t , and hence ; -*  is an unb i ased estimator . Application

of the law of covariance propagat ion gives

vAn (P*) Q 1 X ’ Cm~~ 
x + (h+l)2 R~ 

~~~~~~~~~~~ R]Q ’ • 
(3. 5)

riea r~~y ,  when h 0, i* ~ and VAR(~ *) VA R(S )

B* is related to ~ as follows :

QP~~ f3 + Q h R ’ 
~~

- . (3.6)

j invarizing ~quatio n (3.3) results in the following iterative
1 orm

-
~~ — Q X ’ Em ’ (AY ) + (h+l) R ’ 2~~~ (L~~)J  ; h 0 (3.7)

-~tn’~~ ~‘~~~~* IF , the vector of corrections to the current estimates

u t  th .’  ~d jus ’eu parame ters . Equation (3 .7) is the same as
I i i’n’ ion (: .~~) w i t h  the except ion that the Inpu t constant

(lii ~) a~~~ repla ced the inpu t constant (E~~~) and hence

I - q u a t ~ ~fl ( 1 .1) Is compatible with a broad class of regression
p r og ram s .
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:;i~h t rnet1ri g EquatIon (2.8) from Equation (3 . 5) gIves , not Un—

~~~ i cte d l y ,  a positive definite matrix for h 0 , and therefore

• 
~3* with h 0 Is less ‘ efficient ” than ~ for application with

exact regression model s . Cons ider , however , application of the

~~* estim ator to underepecif led regression models.

Suppose we fit the model In Equation (2.1) to data which obey

the model

Y = X fl + Z y + (3.8)

w he re’ Z is (nxs) and of rank s and represents the part ial der iva—

( t v e  mn t r i x  of non s tocha s tic elements relat ing the mean values of

t he  measurements to the unadjusted parameters ; ,
- is (sxl) and

~e signa teS a true fixed but unknown parameter vector . The vector

~ wì u l be estimated us ing the estimator given in Equation (3.3).

App ly ing the expectation operator , we now obtain

-~ ~ + X~ C~~
1 X + (ti+l) R ;

1 
R] X 

~~~~ 
Z y , (3.9)

and hence ~~* is biased. VAR (~ *) Is still given by Equation (3.5),

and the total mean square error — sum of  v a r i a n c e s  and squared

b~~~- es — Is given by

I -

~ c “ 1
Trace VAR (~ $) + E(D*) — - E (fl~) — (3 .10)

L J L 3
-S

w h i c h  for h 0, is identical with MSE(~3~ for the same under—

np e ci fled model. in i nvestigating the behavior of MSE (~ *), we
. .ed  the parti a l ‘le rivat ive of MSE (~ *) W Ith respect to h.

iti’(’auRe the p ar t i a l derivative of Trace VAR( 8) is the same as

t v  ~rnce ‘ i f  the partia l derivativ e of VAR(~~*), we take the

‘a r t~ n I cIo~- i v a t 1 v e of VA R(~~~) in  a s t ra ight forward manner and
, ,o t v  ~I , a (  ~ t IM a con t~~nuo u~ funct i on of h and is symmetric

~~~~~~ - - ‘o t ,e f inl t~~ m r  all h u . (it I~ a null matrix for h = 0.)
(‘ us’- ’ u”n l l y ,  t ime trace of VAR( (~*) is monotone increasing w i th

,-~ 
~I a ~ u.;.~~ ii an - i in fact approach es infinity cS h approaches

~n~~~n~~ty . ‘I’ n.~ d erivat ive of [E(~~s) — /]‘ [E(~~*) — t3] is also

-, p- -I
L I  I



con ’inuous , and the m a trix ol’ the quadratic form of the der iva-

t iv e is symmetric negative de fi nite for all h 0 , ap proaching

t h e  null matr ix as h a~~ roaches infinit y. Therefore

— 

~
] ~~~~~ — f~ is monotone decreasing with increasi ng

h bu t. can never be negative . t enco , we have a s i tuat ion where
at h 0, MSF.(r~ ) - - MSE(v-), .i.id at very large values of h ,
MSE Q~*) MSE (Ø). We Inquire whether there is any Interm ediate

p ositi ve value ef h which will result in MSE(fl~ ) 
< MSE (~3 ’ . -

‘

Appar e nt ly  th ere is , because the k ’ar~ ial derivative of VAR(~ *)
evaluated at h = 0 is the null r~~t r . x , whereas the partial der~ va —
tiv e of ~EUA *) — P1’ E (~~ ) — 

~ 1 ~vaLia ted at h = 0 is negative
L J I . J

definite. Thus for some 0 ~ ii < 
~ , ,-~SE(P*) is a minimum and less

than MSE( fl ) . The authors have nol attempte d to &e~ermine ex-
p l i c i t l y  the valu e of h coc:e6pon .ing to tc~Is mi n imum buc.-.use tr .e

v a lu e w i l l  depend upon y which ~s pre sumably completely unknow ’~
and unknowah~e. Rather we adopt t~e empirical Ridge—Trace

approach used by Hoerl and Kennard ; i.e .,, h ~s chosen to have

that value at which the parameter estimates appear te have

reached stability .

1 .0 APPLiCATION IN ORBIT DETERMINATION

r The Intere sted reader wiil find n brief discussion of orbit

determination in Appendix A . In order to be t ter Illustrate the

erfermance of the rll F,e e8 t~ .-~ato r with an underspec~~fie~-~. mode l ,

-Re ~pve  c~iosen t o  pre sent a ~ i~~~i~~t~ ofl exerc ise rather than a

t r r m~~m ’ u t  of real dnt . - Th ’~a application involves a standard

~‘~~t ’ -i 1 i 1 e  orh~ t determi nation ~:~owe1l , special perturbations ,

b n t c l i  proc~--asing) In wh !ch the adjustable parameters include

‘rbm t al ejnments (Initial conditions) and radar coefficients.
jiiE” i rb1 t~~’ elements define the posit ion and veloc i ty of the

sat el lit e at epoch . The measurements are radar track data:
rnnl c , azimuth and el evation .

- rho ra dar track data are characterized by certain errors which

-n ay he expressed as linear terms in the so—called radar measure—
mont equati on s . The radar me surem ent equations , trunca ted so
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• as to contain only terms of present interest , are as follows :

A = A t + 
~1 + a2 sec Et

measurement true zero set collimation

+ u sin A t tan - v cos A t tan E t

mis level

+ a3 tan E t + 1A 
(4.1)

non—or thogona lity random error

E - Et + C
1 + e2 cos

measurement true zero set droop

+ u cos A t + v sin A t + e3 ctn
mislevel residual

refrac tion

+ 
~E (4.2)

ran dom error

Equations (4.1) and (4.2) plus the equations of motion of the

satellite constitute the exac t mode l . The underspecified mode l

does not include terms in non—orthogonality and residual re—

t r a c t i o n , In Equations (4.1) and (4 .2), A represents azimuth;

E , el evation . The zero—set errors are constant bias or offset

vnl~~es . Coll i mat ion represents the lack of perpendicularity

t et w e en  the radar beam and the elevation axis . Non—orthogona lity

~k .n e t c s  tue l ack of perpendicular i ty be tween the azimuth and

~Jeva t Ion axes. Mi sleve l represents the tilt of the azimuth

~~~~~ i~~~~
- — u being the northward component and v being the east-

~~; mi- ) component. This tilt is defined with respect to the local

hor iz onta l to the geodetic spheroid. Droop represents the sag
• 

- of t h e radar beam axis . Residual refraction refers to the error

r emain Ing after approximate corrections have been made for the
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t)rIuIing of the ra da r  beam ~ratve rsing the atruospilere . The random

oi ro r ~4 represent noise i f l  the dat a and have zero means .

Thi ’ primary purpo se of this experi ment is to est imate the ra A ~ r

coefficient s . In order ~o accom p1Is~ this , it iS  necessary

inc i dentally to determine the orbit . Dete rmining the orLa. t

cons titutes eg t1mz~t i~~ the orb i t: i e l-~ments at epoch . Si~~co

the orbital e1ement~ correla te oiJy -~~akly wit h ia e radar co-

e f f i c i en ts In the ~~-~~trjcai e~iv I r n -~ ont we hav e c)-.o~~ n , we
shall not a ppi ~ the pr in cip ii-~ of r~ cge analysis s e c~~~~ ai ly
to the elements , a t ~.ough the elemc c~ts will be estimated. .~ac.

time the radar eoetfici~~~~ arc- e~~ti.~ated . The true v~~~ -j c~ o~
the radar coefficIents , the a pr i rl est imates of these v al ues
and the uncert aint Ies (stanthird .~ -iations ) in the prior e~~ I-
mate s are given In Taole I.

T/d.~1~ 1
NI. ~~ 1U CAL_VALi~:.—~ i~’ ~.;.;T~AR COEFFI C IENT S

RADAR A PRIORI
COEFF 1(~IEN TJ  TRUE V A L h ; l~ (~~ 

) ESTIMATE (3 ) s .i~. (~~ 
. )

______________ __________ 
0.1 01

*j (dog) +0. : o ~ 0 0 .0O.~

a 2 (dog) -~~.003 0 0 .303

u (dv~~ ) —0.002 0 0.002

v (dci ) — 0 .003 0 0.002

‘~~ (deg) +0.005 0 0.003

• 
02 (deg) +0.002 0 0.002

n~ (dog) -0.002 — —

0
3 

(deg) +0.002 — —
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I

The mathema t ical adjustment procedure is iterat ive and Is based

t i k f e ~ l- ;quat ion (3 . 1) , the equations of motion 01 the satellite ,

nu t  the radar measu rement equations . In i t i a l l y ,  w i th  h - . 0,
the procedure is the standard one In orbit determination . A fter

a converged solution with h = 0 has been obtained , then ten or

so additional solution s with increa sing values of h are computed

tn orde r to define the curves comprising the ridge trace . A
pertinent sub—s et of the correlation matrix with h = 0 is show n

in Table II with elements rounded to three digits .

TABLE II

CORRELATION COEFFICIENTS

81 a2 u v e2

1

-0.983 1

-0 .008 0.005 1

—0 .053 0.054 —0.121 1

0 .001 0 .001 —0 .064 0 .017 1

0.000 —0 .001 0 .078 —0 .031 -0 ,9 14 1

in t he r idge tr ace , Figure  1, we plot (8~ 
- 

~oi~~’
aoi 

vs h and
p l - ~e show the roo t —mean—s quare of the weighted measurement

c e~~iduals (- t * ) vs h . The symbol a 1 is used for the a priori

stan da rd deviat ion ~~ where the subscript i designates

1h i~~~~ element In the parameter vector . Figure 1 shows

g~~~J)b 1 (’a11 V the discrepancies between the individual estimates

T ~~~~~ and the a priori indiv idual estimates 
~~o1~~ 

Since this

is •i si muln t~~- : - i exercise , we may also presen t graphically the

• l ~~~~ . . a i :i e s  between the estimates (‘ i) and the true values of
• 

~~~ t~~ran *’t. ’rs (; 
~). In Figure 2 , therefore , we plot

— 

~1~’ — 

~~) n 01 vs h .
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i t  is observed that the weighted rms in the measurement

res id uals (~~*) has increased less than 1% as h has increased

f rom 0 to 30, the point a t wh ich s tability in the estimates is

elt octive ly reached . The inflation characteristic 01 the

original estiriiatea of a1, a2, e 1 and e2 has been largely re-

moved at h 30. Since the errors In the estimates of i~ anc v
are relative ly uncorre lated with each other or with those of

any other parameter , their est1m~tea are relatively unaffected

by changes in the value of h . Ne~ so ~bv1ous in ise cur .e~ is

the fact th at the estimate ot i
~~ 

corresponding to stanoard

least squares (h-.U ) ~ot u~ ly ~~~~~~~ gt~r~ ly in error but •i so ha..

the wrong sign.

Composites of ~1gures I and 2 ur~- show n in Figure 3 , i n  wh~ crh

plots of ~oot—mean--square of (~~ 
— f~ ~~~~ ~ 

and (B~ —

are given as a ~~nction of h . t. is particularly ericour :~ ;~g

t h a t  not o n l y  do these c urv es ~h -; - .- marked reduction it ; d : s —

crepanc les as a resu~ t of rIdge regression but also the
discrepancies relative Lt 2 true values are smaller than dis-
crepanc ies relat ive to a ~ r ior i estimiites .

3.0 CONCL UDiNG R~:p 4 ’ K S

At f i rs t  g lanc e t . -  rea.i - mt ~ ht ~e alarmed at t 1&? rather ia:~ e
value o f 30 arr ived at f r  h ir ~ the numerical example. It
a pp ears that ~I;e p rior 1 ‘ o rm &t ion  has been given (nearly) :ull
w eig h t . A c t u a l l y  th is is no i the case . If the prior informa—

t l ( ) I -  had Peeu g iven full we i g h t , then the curves in Figure i
- C ) u i d  show a g o , . . ral tendency to be tangent to the zero line
at h -

~~ 3d , whereas most of th em show a strong disinclination
t~ i ; - ~~i c i i  zero even at h = 100 . Furthermore , if h had been
ine~~ nseci t o  the point where pr ior information was given full

-
~ e ight , the resI Ju~ l sum of squar es would — except in a
p re iuh l t iv e ly  unl i kely coinc idence — have show n a marked in—
c rease. it  shou Ld also be recalled that the prior information
ent ere d the adju stment process In the role of measuremen ts
(only six), and in spite of th e large weigh t attached to them

2 5i;
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- 
• a i  II 30 , they could not dominate a solution which included

over three thou sand other meas urements . In reality , the ridge
estimation procedure has a significant effect only upon the

0 

p arameter eitimates whose errors a~’e mu tually correlated , and
with these the adjustments are minimized and portioned out in-
vorsely according to their a priori variances so far as possible ,
w ithout unduly enlarging the residuals.
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APPENDI X A

NOTES ON ORBIT DETERMINATI ON

Preliminary orbit determination uses only a few observations and

is usuall y based upon simple geometrical and dynamical principles

of  Kepler ’s laws . Historically this type was developed to keep

track of various planets and comets sufficiently well to point

telescopes and to recognize the objects on their reappearance .
Pre l iminary orbit determination in some form is also usually

necessary to obtain approximate initial conditions for starting

the final orbit determination . Escobal [3] gives a complete and

modern treatment of the mathematics of the various methods of

preliminary orbit determination . Huseonica [81 evaluates the

methods of [3] in terms of limits of applicability, accuracy ,
storage requirements and computation time .

Final orbit determination makes use of considerable redundant

data and is basically nothing more than well—known regression

a nal ysIs. See , for example , Solloway [13]. In the so—called

ha tch proces s all the data are fitted at once , and a single set

of i n i t i a l  conditions is estimated along with a few dozen other

ara met er s relating to the environment and the tracker charac-

teristics . Equation (2.9) is characteristic of the differential

c rrection process . The steps are briefly as follows :

1. An orbit is generated using the approximate

initial conditions and the equations of motion .

2. The required partial derivatives are obtaine d —

by various means — typically by analytical

me t hods , varia tional equations , or finite
d i ffere nces .

• 3 . At time points coinciding with actual observa—
tion s , ~‘ositton points along the generated
tra jectory are transformed to computed
observations .

~
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1) ia fe r e nc ing the *ctual and computed observations

prov ides residuals .

5. Information from Steps 2 and 4 when supplied to

Equation (2.9) permIts an improved estimate of

the initial conditions and the other parameters ,

and the process starts over at Step 1.

6. These iterations continue until some convergence

criterion is satisfied. Modern computer programs

contain a flexible bound ing procedure to assist

In achieving a converged solution.

The final orbit determir.~.it1on makes use of a wide variety o~ orbit

generators . If numericali ~~tegrat1on of the acceleration equa-

tions is used , tho process is called ‘spec lal pert ur~ ations .

If analytical integration of so:ie-~ ex pans ions of the perturba tive

accelerations is used , the process is “general perturbations ’.

Cowe ll ’s specIal perturbation techr ~Ique involves the direc t ,

step—by—step integrat ion of the total acceleration , central as

we ll as per turb a t~ ve , of the satellite . Encke ’s method d :ffers

from Cowel l’ s in that differential accelerations or toe dev iat~.ons

from a two—bod y reference orbit rather than the total acceler z~-

tion s are integrated . The variat ion—of—parameters method differs

From I neke ’s in that there is a continuous rectification of the
r (’ferenco orl;it . Al l  three of these special perturbation methods

i- ~~ 1e~~crib ed luc~ dly by Baker 1]. At the present time , using
t~~” i -

~~ t ref i ned techniques in speci~~ perturbations , earth
- n l t I l i t e  orl~l t s  are frequently co mputed to an rms position error

~~ only t h i r t y  feet relative to the center of the earth in a

~~~n~~Ie f l t t i i i g  of up to sixteen days of track ing data .

(; ‘ neral per t u rba t i o n  schemes are p articularly valuable for pre—
- f l c t i n ~ over long time periods . Their advantages are reduced
comput er tim e and the fac t that they allow a clearer interpreta-
ti on of the sources of the perturbative forces . Some of the
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netter known general perturbati ons schemes are Brouwer ’s [2],

Kozal ’s [10), Musen ’s [11] and Frazer ’s [5]. There are many

oth ers . The accuracy of general perturbation methods suffers to

some extent because these methods are all limited to a very

simple description of the earth ’s gravity field. They are , how-

ever , very widely used because of compensating advantages .

One of the more recent developments In orbit determination is

seq uen ti al process i ng , typifie d by the use of the Kalman filter

[9]. ThIs procedure gives an orbit update as each new measure-

ment is received . In accuracy it is essentially equivalent to

the batch process . It has been used quite successfully in con-

cef t with the Encke process [14). In computational efficienc y

it Is superior to the batch processor if frequent intermed iate

answers are required , but it is less efficient if only a single

f inal answer is required.

Finally, there are the sequential—batch processes , which take

many form8 and applications . Orig inally proposed by Swerling

[15], the sequential —ba tch process can give normal weight to all

prior information , or it can , by reducing the weight on prior
informatio n , ac t l ike a fadin g memory f il ter . Small randomly

var ying parameters may be excluded from the estimation vector or

may be assumed to be piece—wise constant and estimated [4).

Characteristic of all Of these orbit determinat ion method s is an

extraordinary number and variety of transformations . Referenc e

[1 2) provides a treatment of many of these transformations along

-~1 th details of orbit generators , coordina te systems , equations

of  motion , special and general perturbations , eart h g rav it a t ional
f i e ld , var iat Ional equations , sequential processing , error
an a l ysis , geodetic datums , systems of t ime , etc.

“C.,
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